HOMOGENEOUS IDEALS WITH MINIMAL SINGULARITY
THRESHOLDS
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ABSTRACT. Let (O, m) denote the ring of germs of holomorphic functions C* —

C, and let I C O, be an m-primary ideal. Demailly and Pham showed that
let(1) > #(1)"" et e’;;&(? , where e; (I) is the mixed multiplicity e(I,...,I,m,...,m),
with I repeated j times and m repeated n — j times.

We generalize the lower bound to the case of an arbitrary ideal of an excel-
lent regular local (or standard-graded) ring of equal characteristic, with lct(I)
replaced by the F-threshold ¢™(I) in positive characteristic. Our main result is
a classification of homogeneous ideals in polynomial rings for which the lower
bound is attained, resolving a conjecture of Bivia-Ausina in the graded case.

1. INTRODUCTION

Let X be a smooth variety, Y C X a proper closed subscheme, and y € Y a point.
We study numerical invariants measuring the singularities of the pair (X,Y") at the
point y: in characteristic zero, we consider the log canonical threshold; in positive
characteristic, we consider the F-pure threshold.

The log canonical threshold (lct) has attracted considerable attention in algebraic
geometry due to its connections with the Minimal Model Program and singularity
theory. The F-pure threshold (fpt) is an analog of the lct in positive character-
istic, related via reduction to characteristic p > 0 [HT04]. The fpt has provided
insights into positive characteristic geometry |BS15; Kad-+22; PRS24| and reduction
modulo p has been leveraged to better understand singularities in characteristic zero
[Ben+15; [Tak04; Tak06).

In recent years, many authors have found lower bounds on the lct (and fpt)
in terms of more classical invariants of the embedding |[EM21; FEMO03; [FEMO04;
Kad-+22; Kim21; Mus02; TW04]. The first of these bounds is due to Skoda |Sko72|,
who showed that

(1) < lcty(X,Y).

1
mult, (Y)

1 _
multy (V) —
lety (X, Y) if and only if Y is a smooth divisor at y. Skoda’s original formulation of
Equation concerned germs of plurisubharmonic functions, and the equality case

The case of equality in Equation has long been known to experts:

The author was supported by NSF grants DMS-2101075 and DMS-1840234 and a Simons Dis-
sertation Fellowship.
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in the analytic formulation was settled by Guan and Zhou |[GZ15]. We consider the
equality case in a generalization of Skoda’s lower bound.

Let I denote the defining ideal of Y in Ox , and n = dim Ox . In the case that
Ox /I is zero-dimensional, Demailly and Pham [DP14] strengthened Equation
by incorporating higher-codimension information about the embedding, namely the
mixed multiplicities e;(I) :=e(I,..., I, my,..., my); see Definition . We have
1 ei1(I) "-—i-en_l(l)
er(l) — ex([) en(1)

Moving beyond the case considered by Demailly and Pham, we relax the as-
sumption that Ox,/I is zero-dimensional. We recall Rashkovskii’s definition of
the invariant Ej(I) for any | < ht(I). As in |Raslb, Theorem 1.4], we may let
L = V(hi41,...,hn) denote the vanishing locus of n — [ general linear forms in
Ox, and let |7, denote the expansion of I to the ring Or,. As Op,/I|1 is zero-
dimensional, we apply Equation and |Laz04, Example 9.5.4] to I|;. This yields

- 1 el

er(!|L) eIl
We then define

(2) < ety (X,Y).

< let(I]r) < let(I).

1 17
+og el

B =i T et

which is well-defined for sufficiently general L by Proposition 2.37] The content of
Equation (3)) is that Ej(I) < let([).

More generally, if (R, m) is an arbitrary regular local ring and I C R with ht(I) >
[, we define Ej(I) similarly — in particular, when R/m is infinite, we let L denote
the vanishing set of n —[ elements of m whose images in m/m? are sufficiently general
and set E;(I) := Ej(I|). See Definition for a precise definition.

Our first contribution is a generalization of Equation to arbitrary characteris-
tic.

Theorem A (Theorem . Let (R, m) be a regular local ring or a polynomial ring
over a perfect field considered with the standard grading. When char R = 0, assume
that R is excellent. Let I C R be an ideal of height at least I, which is assumed to be
either homogeneous or m-primary when R is a polynomial ring. Let ¢(I) denote the
let (resp. fpt) of I. Then Ey(I) < c(I).

In contrast to Skoda’s bound, little is known about the case of equality in Equa-
tion (2). The best result in this direction is due to Bivia-Ausina [BA17], who classi-
fied cases of equality under the additional assumption that lct(I) = lct(1%), where I°
is the smallest monomial ideal containing I. Our main result is coordinate-agnostic
and resolves the conjecture of [BA24, Remark 3.7] in the graded case.

Theorem B (Theorem . Let k be a perfect field of characteristic zero (resp
p>0). Let R = k[x1,...,x,] and let I C R be a homogeneous ideal of height at
least 1. If Ej(I) = lct(I) (resp. Ey(I) = fpt(l)), then there exist integers di, ..., d;
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such that, in suitable coordinates, we have

We briefly outline the proof of Theorem which reduces to the case that k = k
and [ = n. Assume E,,(I) = c¢(I). Write I = I + - - + I,,, where I; is generated by
d;-forms and dy < --- < d,.

(1) Using techniques from |[BA17; [Mayl14], we control the generic initial ideals
{gin(I") }uo1,

(2) Using (1), we obtain a formula for the numbers e;(I) in terms of the d; and
the heights of the ideals Iy + --- + I;.

(3) Our formula for the e;(/) implies that E,,(I) = B(I), where B([) is defined
in terms of mixed Lojasiewicz exponents as in [BA24]. This allows us to
reduce to the case of a homogeneous complete intersection.

(4) We prove the complete intersection case (Proposition by induction on
the number of distinct degrees dy,...,d,.

In the case r = 1, any m-primary ideal I generated by d-forms automatically satisfies
I = m?, so there is no way to use = 1 as a useful base case for our induction.
Instead, we use r = 2. In this case, we show (Lemma {4.8) that ¢(I) = E,,(I) if and

only if ¢(I1) = ht(1)/d;. As I = I; + m92, Theorem B is equivalent in this case
to the claim that I} = (z1,..., mht(h))dl in suitable coordinates. In characteristic
zero, this follows from [FEMO3, Theorem 3.5]. In positive characteristic, this fact is
[Bai25, Theorem 3.17].

By Example the assumption that %k is perfect cannot be weakened. The
other main assumption in Theorem [5.1] is that R is graded and I is homogeneous,
the relaxation of which is a subtler question. In characteristic zero, we conjecture
that Theorem [5.1] holds in the local case up to an analytic change of coordinates;
see Conjecture [6.2] for the precise statement and Conjecture [6.3] for an even stronger
statement in terms of valuations. We verify both conjectures in dimension 2. In con-
trast, in characteristic p > 0, Example[6.1]shows that analytic changes of coordinates
do not suffice to characterize when ¢(I) = Ej(I).

We also remark on two (a priori) possible improvements to Theorems A and B.
The first is regarding [Hie25, Theorem 1.2|, which defines for each 1 < k < n an
invariant Hy(I) satistying Ex(I) < Hp(I) < lct(I) for all ideals I C O, of height
at least k. It would be interesting to see whether the bound Hy(I) < ¢(I) remains
true in positive characteristic, and moreover whether there exist ideals for which
Ex(I) < Hp(I) = c().

The second remark concerns |[Kim21, Question 1.3|, which conveys a conjecture

of Hoang Hiep Pham that (implies) ¢(I) — c(I|g) > 82;(11()[) for every height-n ideal
I C O, and every hyperplane H through 0 € C". Tommaso de Fernex shared a

counterexample to this conjecture with the author, which we record in Example
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2. PRELIMINARIES

Assumption 2.1. Throughout this article, all rings are commutative, Noetherian,
and unital. All polynomial rings are considered with the standard grading.

2.1. F-Pure and Log Canonical Thresholds. We begin with a formal definition
of the lct. For a detailed introduction, see [Mus12].

Definition 2.2 (Log Resolution). Let X be a smooth variety and Y C X a proper
closed subvariety with defining ideal a. Let W be a smooth variety. A projective
morphism 7 : W — X is a log resolution of (X,Y) if 7 is an isomorphism over
X \'Y and the inverse image a - Oy is the ideal of a Cartier divisor D such that
D + Ky x has simple normal crossings.

Definition-Proposition 2.3 (Log canonical threshold, [Mus12| Theorem 1.1). Let
X be a smooth variety over a characteristic zero field and Y C X a closed subvariety
with defining ideal a. By Hironaka’s theorem on resolution of singularities, there
exists a log resolution m : W — X of the pair (X,Y). In particular, there exists a
simple normal crossings divisor E7 + - -+ + En such that

N N
D= ZCQEZ and KW/X = Z k’LEZ
i=1 =1

For y € Y, the quantity min;. c (g, k’aﬂ does not depend on the log resolution 7

and is denoted lcty(X,Y’), the log canonical threshold of (X,Y) at y. If a point
y is not specified, we define

ki +1
let(X,Y) = minlet, (X,Y) = min — i .
yey 7 a;

We make the convention that lct,(X,Y) = oo when y ¢ Y. Additionally, when
k is a characteristic zero field, R = k[xi,...,2z,], and I C R is an ideal, we set
Ict(R, I) :=lct(A™, V(I)) and lcto(R, I) := leto(A™, V(I)).

In fact, one can define the log canonical threshold of (X,Y) whenever X is an
integral excellent scheme; see [FMO09, §2|.

For background on the F-pure threshold, we direct the reader to [TWO04]. In this
subsection, we summarize several key definitions and results.

Definition 2.4. Let R be a ring of characteristic p > 0. We let F,R denote the
R-module structure on R given by restriction of scalars along the Frobenius map
F: R — R. We say R is F-finite if F, R is module-finite over R.
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Definition 2.5 ([TWO04]). Let R be an F-finite ring, I C R an ideal, and t € R>.
The pair (R, I') is F-split if for e > 0, the map
T =Dl Hom(FfR, R) — R
is surjective. The F-pure threshold of the pair (R, I) is the supremum of all ¢ such
that (R,I%) is F-split. We denote this quantity by fpt(R, ), or fpt(I) when the
ambient ring is clear.
Let k be an F-finite field of characteristic p > 0, R = k[x1,...,zy], and I C R.

Let m := (x1,...,2,) denote the homogeneous maximal ideal of R. We then let
fpto(I) denote the quantity fpt(Rum, [ Rm).

In practice, we do not use the above definitions. Instead, we use the characteri-
zation of the F-pure threshold as the F-threshold at the maximal ideal and the lct
as a limit of fpt.

Definition 2.6. Let R be a ring of characteristic p > 0. Let a, J be ideals of R such
that a C v/J. For each nonnegative integer e, we define

v! (p°) :== max{t € Z* : a* ¢ JPI}.

J (e

By |[DSBP18|, the sequence Lf) has a limit as e — o0o; we denote this limit by
p

¢’ (a) and refer to it as the F-threshold of a at J.

Proposition 2.7. Let (R,m) be an F-finite reqular local ring. Then the F-pure
threshold of the pair (R, I) is equal to ¢™(I). If instead R is a polynomial ring over
an F-finite field and I C R is a homogeneous ideal, then the same holds when we let
m denote the homogeneous mazimal ideal of R.

Proof. The local case is [MTWO05, Remark 1.5] and the graded case is [DSBI8|
Proposition 3.10]. O

Proposition 2.8 (JHY03|, Theorem 6.8). Let A be a finite-type Z-algebra and a C
Alxi,...,xy] an ideal. Set k = Frac(A). Then we have

let(a ®a k) = fpt(A/pley, ... zn),a @4 A/p).

lim
HEmax Spec A,| A/ pu|—o0

Many of our results make sense for both fpt and lct, so we introduce the following
notation to avoid stating the same results once each for characteristic zero and
positive characteristic.

Notation 2.9. Let k be a field, R = k[z1,...,x,],m = (z1,...,2,), and I C R an
ideal. We define the quantity c¢(R,I) as follows:

m(T h =
(R, T) = c™(I) char R=p>0
leto(R,I) char R =0.
Similarly, let (R,m) be a reqular local ring and I C R an ideal. We define

(R T) = c™(I) char R=p >0
"7 )let(R,I) char R =0 and R is excellent.
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If the ambient ring is clear, we will use ¢(I) as shorthand.

Proposition 2.10 (Properties of the singularity threshold). Assume either setting
of Notation[2.9, and let I,J be nonzero ideals of R. The following properties hold
for c(—):
(i) If I C J, then c(I) < ¢(J).
(ii) For all m > 0, we have c(I™) = m~te(I).
(iii) We have c(I) = c(I), where I denotes the integral closure of I.
(i) If J C R is an ideal such that R/J is regular, then

(R, 1) > c(R)J,(I+J)]J).

(v) We have c(I + J) < c(I)+c(J).
(vi) Suppose R C S is a ring extension. If char R = 0, assume S is excellent. In
both of the following cases, c¢(I) = ¢(IS).
e (R,m) and (S,n) are local and mS = n;
o R=Fk[xi,...,z,], L/k is a field extension, and S = L[xy, ..., zp].

Proof. First, we verify (i)-(v). For characteristic zero, see [Musl2, Properties 1.12,
1.13, 1.15, 1.17, 1.20|. For characteristic p > 0, see |[TWO04, Proposition 2.2 (1), (2),
(6), Proposition 4.4].

For (vi), note that both cases are regular and faithfully flat extensions. In char-
acteristic zero, see |[JM12, Proposition 1.9]. In characteristic p > 0, see |[Hun-+08,
Proposition 2.2 (v)]. O

2.2. Monomial Ideals.

Notation 2.11. For a vector of ring elements £ = f1,..., f. and a vector of non-
negative integers a = ay, ..., a,, we let f2 denote the element fi* ... fir. A boldface,
lowercase letter always refers to a vector of integers or ring elements.

Definition 2.12. Let k be a field and let R = k[xy,...,z,]. For a tuple x =
Tiyy -, with 1 < 43 < -+ < 4, < n, we let Mon(x) denote the monoid of
monomials in the variables x. In particular, Mon(z1,...,2,) denotes the set of all
monomials in R.

When working with monomial ideals, one often identifies a monomial z{* - - 24"
with the point (ai,...,a,) € Z%. For future reference, it will help to give a name
to this identification.

Definition 2.13. Let k be a field. We define the map

log : Mon(z;,, ..., ;) — Z5, log(zf! - xir) = (a1,...,ar).

Definition 2.14. Let a C k[z1,...,z,] be a monomial ideal. Then the Newton
Polytope of a, denoted I'(a), is the convex hull in RZ, of log(a). We let conv(—)
denote the convex hull of a set. -

Remark 2.15. We record several properties of I'(a).
(i) I'(a) is a closed, convex, unbounded subset of the first orthant of R™.
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FiGure 1. Computation of p for Example

(i) When a is an m-primary ideal, the closure of the complement of I'(a) inside
the first orthant is an open, bounded polyhedron.

(iii) For two ideals a, b, the Minkowski sum of I'(a) and I'(b) is equal to I'(ab).
In particular, I'(a™) = nI'(a).

The following proposition shows that Newton polytope of a monomial ideal de-
termines the singularity threshold.

Proposition 2.16. Let a C k[z1,...,x,] be a monomial ideal. Then
1
c(a) = —, where p = inf{t: t1 € T'(a)}.
I

Proof. See [How01], Example 5 for characteristic zero and [Her16|, Proposition 36
for positive characteristic. [l

Example 2.17. Let R = k[x,y] and set a = (2, 2%y, 23y%, 2293, vy, 4%). In Fig-
ure [I] we compute p = 2.5, so ¢(a) = 0.4.

Following the proof of [FEM04], Theorem 1.4 and the terminology of [May14], we
also define the limiting polytope of a graded system of monomial ideals.

Definition 2.18. Let a, be a graded system of monomial ideals in k[z1,..., 25| —
that is, suppose a,a5 C a,.5 for all 7, s € ZT. We define I'(a,) as the closure in R
of the ascending union {5=T'(agm)}m>o.

Remark 2.19. The set |J,, 5I'(azm) in Definition coincides with (J,,, ZT'(ap,)
in the settings we consider (where a,, 2 a,,+1), but we find it easier to work with
an ascending union than a filtered union.

We fix our conventions for working with monomial orders and initial terms in
polynomial rings. For further background, see |[Eis95, Chapter 15].
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Definition 2.20. Let k be a field and let R = k[z1,...,x,]. A monomial order >
on R is a partial order on Mon(zy,...,2,) compatible with the divisibility relations:
that is, for monomials x2,xP, x€, if x® > xP then x2+¢ > xP+te,

For an element f € R, write f = Zaezgo Bax® where (B, € k. The support of f,

denoted supp(f), is the set {x® : Ba # 0}. The initial term of f with respect to >,
denoted inx (f), is given by
Y e

a:x®€supp(f)
x® maximal with respect to >

For an ideal I C R, the initial ideal in- (I) is the ideal generated by the elements
{in>(f) : f € I}.
Valuations provide an important source of monomial orders.

Definition 2.21. Assume the setting of Definition [2.20 A monomial valuation is a
map of monoids v : (Mon(z1,...,2,), ) = (R,+). To describe a monomial valuation
v, it suffices to give the values v(z1),...,v(x,). We can then describe a monomial
order >, on R by
x® >, xP if and only if v(x®) > v(xP)
When v(x;) > 0 for all i, we can extend v to an R-valuation on R: we define
v: R —[0,00] by
o(f) = min ov(x?).
x2esupp(f)

A crucial property of initial ideals is semicontinuity with respect to the singularity
threshold.

Proposition 2.22. Let R = k[x1,...,zp],m = (x1,...,2z,) and let > be a monomial
order. If I C R is an ideal, then c(ins (1)) < ¢(I).

Proof. For characteristic zero, see |DKO1| for the semicontinuity of the lct. For
positive characteristic, see the claim preceding [TW04, Remark 4.6]. O

When [ is homogeneous, k is infinite, and > is a total order compatible with the
partial order by degree, there is a well-defined notion of the initial ideal in “generic
coordinates.”

Definition-Proposition 2.23 (|Eis95|, Theorem 15.18). Let k be an infinite field,
R = k[x1,...,zy], and I C R a homogeneous ideal. Suppose that > is a monomial
total order on R such that 21 > --- > x,, and x® > xP whenever deg(x?) > deg(xP).
Then there exists a nonempty open subset U C GL, (k) and a monomial ideal .J
such that:

e For all v € U, we have ins (yI) = J;
e U is Borel-fizred: if B C GL, (k) denotes the subgroup of lower triangular
matrices, then BU = U.
The ideal J is called the generic initial ideal of I with respect to >, and is denoted

ging (I).
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2.3. Integral Closure of Ideals.

Definition 2.24. Let I be an ideal in a ring R. An element r € R is integral over
I if there exists an integer n and elements aq, ..., a,,a; € I' such that

a4 4a, = 0.

We then define the integral closure I of I as the set of elements r € R which are
integral over I.

Definition-Proposition 2.25 (JHS06|, Corollary 1.2.5). Let J C I be ideals in
ring R. We say J is a reduction of [ if either of the following equivalent conditions
holds:
(i) There exists a positive integer n such that I™.J = "1,
(ii) We have I C J;
(iii) We have I = J.
Those hoping for an exhaustive discussion of the integral closure of ideals should
consult [HS06|. For now, we list some basic properties of 1.

Proposition 2.26 (Properties of the Integral Closure, [HS06|] Chapter 1). Let R be
a ring and I C R an ideal. Let ¢ : R — S. Then we have
(i): T is an ideal.
(ii): (I) =1.
(iii): 1S C IS.
(iv): If J C S is an ideal, then ¢~ 1(J) = ¢~ 1(J).
(v): For any multiplicatively closed subset W C R, we have W 1T = W11,
(vi): The integral closure of a monomial ideal a in a polynomial ring k[z1, ..., xy)
is generated by the set x® :a € I'(a).
(vii): If ¢ is faithfully flat or an integral extension, then ISN R = 1.
Integral closure is an operation which respects many numerical invariants we are
interested in this paper.

Theorem 2.27 (JHS06|, Proposition 11.2.1, Theorem 11.3.1). Let (R,m) be a for-
mally equidimensional local ring and I C J two m-primary ideals. Then e(I) = e(J)
if and only if [ = J.

The same result holds in the case that (R, m) is instead standard-graded.

Proposition 2.28. Let I C k[xy,...,x,] be an ideal. Then c(I) = c(I).

Proof. For characteristic zero, see [Mus12|, Property 1.15. For positive characteristic,
see [TWO04], Proposition 2.2 (6). O

To conclude this subsection, we recall a version of the Briangon-Skoda theorem,
due to Lipman and Sathaye in the level of generality we need.

Theorem 2.29. Let (R,m) be a reqular local ring of dimension d and I C R an
tdeal. Then for all integers t > 0, we have

7t C Tt C 1,
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Proof. The first containment is [HS06, Proposition 5.3.1|. For the second, we reduce
to the case of an infinite residue field; we let R(X) := R[X]ngx] as in op. cit.

By Proposition we have I = TR(X) N R, so it suffices to prove the claim for
R =R(X).
By [HS06, Proposition 5.1.6 and Theorem 8.6.6] there exists an ideal J C I with
Jt = It for all t > 0 and such that J can be generated by at most d elements. By
[LS81, Theorem 1”] we deduce
Jt+d — Ji+d C gt C
O

2.4. Mixed Multiplicities and the Demailly-Pham Invariant. We recall the
definition of the mixed multiplicity symbol e(Iy,...,I5; M).

Definition 2.30. Let M be a finite-length R-module. We let Ar(M) denote the
length of M as an R-module.

Theorem 2.31 (|[HS06|, Theorem 17.4.2). Let (R,m) be a Noetherian local ring,
Ii,..., Iy ideals of R primary to m, and M a finitely-generated R-module. Then
there exists a polynomial P(ny,...,ny) with rational coefficients and total degree at
most dim R such that for all ny,...,ng > 0, we have

M
4 P(ny. ... .ng) = __ ).
(4) (n1,--n) = Ar (I{“...I,:”“M>

Definition 2.32 (Mixed Multiplicity). Let (R, m) be a Noetherian local ring of
dimension d. Let Ii,...,I; be m-primary ideals of R and let P(ni,...,nx) be as
in Equation . Write Q(ny,...,ng) for the degree-d part of P(nj,...,ng). The

coefficients of @) define the mixed multiplicities e(I 1<d1>, o1 ,idk) s M):

d -1
®  Qmeemy= X () e
it N i
The expression e(I 1<d1>, R édk) ; M) is shorthand for the expression
e(ly,..., Iyyeo o gy ooy Igy M),

where I; is repeated d; times.

Remark 2.33. Other authors [HS06| have used the notation e([{dl], . ,I,Ed’“}; M).

To avoid confusion with the Frobenius powers [ J[.p T of the ideals I;, we use angle
brackets in the exponent.

We now define the mixed multiplicities e;([).

Definition 2.34. Let (R, m) be a Noetherian local ring of dimension d and let I
denote an m-primary ideal. We define

e;(I) = e(IV, mld=7; R).

We record a few basic properties of the numbers e; (/).
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Proposition 2.35. Let (R,m) be a regular local ring of dimension n with infinite
residue field. Let I C R be an m-primary ideal.
(i) We have eo(I) = 1,e1(I) = ordn(I), and e, (I) = e(I).
(ii) Ifhy,. .., hy are elements of m whose images in m/m? are sufficiently general,
then for all 0 < j < n we have

e(1) = e (I?h(lhl hi’;”) e (T+ (e hney)

where e(—) denotes the usual Hilbert-Samuel multiplicity.
(iit) Minkowski inequality: for j > 1, we have e;(I1)* < ej_1(I)ej41(1).

Proof.
(i) Follows from (ii).
(ii) The first equality is [HS06, Corollary 17.4.7|; the second is [HS06, Proposition
11.1.19].
(iii) Follows from |[HS06, Theorem 17.7.2|.

0

To state Theorem [3.9], we must extend Definition to the case of anideal I C R
which is not necessarily m-primary.

Definition 2.36 (|BAO0S|, Definition 2.4). Let (R, m) be an n-dimensional local ring
and I1,..., I, ideals of R. We define

(6) o(Iy,...,I,) =sup e(I; +m',... I, + m).
t>0

As a special case, for 1 < j < n and I C R, we define ;(I) := o(I), m"=7)) as in
Definition 234

The quantity @ may be infinite. The following proposition summarizes basic
properties of o([y,...,I,), among which is a characterization of when the quantity

@ is finite.

Proposition 2.37 (|[BA0S8|). Let (R, m) be an n-dimensional reqular local ring and
Ii,..., I, ideals of R.

(i) If I, ..., I, have height n, then o(Iy,...,I,) =e(l1,...,Ip).

(i) We have o(I1,...,1,) < oo if and only if there exist g1 € I1,...,gn € I, such
that (g1,...,9n) is m-primary. In this case, o(I1,...,I,) = e(gi,...,gn) for
elements g; € I; whose images in I;/ml; are sufficiently general.

(iii) In particular, for an ideal I C R, we have 0;(I) < oo if and only if ht(I) > j.
In this case, if h1,...,hy,—j € m are elements whose images in m/m? are
sufficiently general, we have

(7 oi(I) = e (I?hghlhi’;ﬂ)) e (T4 (e ney)

(iv) The Minkowski inequalities hold: if oj_1(I),0;(I) are finite then o;(I)? <
)
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Proof.

(i) For t > 0, we have m* C [; for all 1 < i < n. See the remark after Definition
2.4 in op. cit.
(ii) This is Proposition 2.4 in op. cit.
(i) When j < htI, use prime avoidance to choose gi,...,g; € I such that

ht((g1,...,95)) = j and gj41,...,9n € m such that ht((g1,...,9n)) = n.
When j > ht(I) + 1, for any g1,...,9; € I,gj+1,--.,9n € m we have

B (g1, gn)) < DL+ (gs1,- - ga)) < hE(I) +n—j <n—1.

To see that the first equality in Equation holds, pick ¢t > 0 such that
o;i(I) = e;(I +m'). Use (ii) to pick g1,...,9; € I,h1,...,hy—; € m gener-
ally such that o;(I) = e((g1,...,9j,h1,-..,hn—j)). Use Proposition (ii)
to pick the hq,...,h,_; even more generally so that e;(I + m') = e(I +
m! + (h1,...,hn—;)). Using monotonicity of Hilbert-Samuel multiplicity, we
compute

O'j(I) = ej(I —i—mt) = 6([ +mt + (hl, .. .,hn_j)) < 8([ + (hl, cee hn_j))
S e(gl, . ,gj, hl, . ,hn_j) = O’j([).
(iv) Follows immediately from Proposition [2.35] (iii).

We will now define the Demailly-Pham invariant [DP14].

Definition 2.38. Let (R, m) be a regular local ring, | € Z*, and I an ideal with
ht(7) > I. Then we set
1 Ul—l(I)
Ey(I) = et .
= (1)
Suppose instead R = k[z1,...,2,] and m = (z1,...,2,). Let I C R be an
m-primary ideal. For all r, s > 0, we have

R R
AR (ITmS) = AR <FmsRm> ’

o) Theorem holds for Ar (%) without assuming that R is local. In particular,
for 0 < j < n, the numbers e(I<j>,m<”_j>) can be defined intrinsically from the
polynomial P(r,s) and agree with the quantities e;(IRy). Additionally, in this
setting we have an analog of Theorem [2.2

Proposition 2.39. Let R be a reqular ring and m C R a maximal ideal such that
dim Ry = n. Let Iy C I C R be m-primary ideals. Then E.(I1Rn) < E,(I2Ry)
with equality if and only if I = I.

Proof. The case that (R, m) is local is [BA17, Corollary 11]. In the non-local case,
we have It Ry = [2Rm, so I1 Ry is a reduction of Is Ry by [HS06, Corollary 1.2.5].
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By definition of reduction, there exists ¢ > 0 such that I1 IRy, = I§+1Rm. The ideals
LI IL are m-primary, so we have

LIt =nLERyNR=I""RyNR =1,

so I is a reduction of Iy. By |HS06, Corollary 1.2.5] again, we deduce that I; =
Is. O

We extend Definition to the ring k[z1,...,x,)].

Definition 2.40. Let R = k[z1,...,zy]),m = (x1,...,2,) and let I C m be an ideal.
For 1 < j < ht(/Ry) we define 0j(I) := 0;(IRy) and E;(I) := E;j(IRn).

Remark 2.41. Even though Definition defines a local invariant, we suppress
the reference to the maximal ideal m, as we will only ever consider singularities at
the origin.

Proposition 2.42. Let R = k[z1,...,zy],m = (x1,...,2,), and let I C R be an
ideal with ht(I) > 1.
(a) If I is m-primary, then Proposition holds for I.
(b) If I is homogeneous, then Proposition (i), (iii), (iv) hold, provided we
assume the elements hy, ..., hy—j in (iii) are homogeneous.

Proof.

(a) As in Proposition[2.35] (i) follows from (ii). For (ii), for any hy, ..., hy_; € m,
the ideal (I + (h1,...,h,—;)) is m-primary as well. As m/m? ¥ mRy,/m?Ry,
choosing hi, ..., hy,—; € m whose images in mRy,/ m?R,, are sufficiently gen-
eral, we have

ej(I) = e](IRm) =€ (I + (hla SRR hnfj)Rm) =e€ (I + (hla SRR hnfj)) :
The other equality in (ii) is similar, and (iii) is immediate:
ej—1(D)ej+1(I) == ej-1(IRm)ejr1(IRm) < ¢j(IRm)* =t ¢;(1)*.

(b) For Proposition [2.35 (i), we note that a homogeneous ideal of height n is au-
tomatically primary to m and appeal to part (a). For (iii), we note that when
hi, ..., hn—; are homogeneous and sufficiently general, ht(/ + (h1, ..., hn—j))
is homogeneous of height n and thus m-primary. Additionally, we note that
I +m! is m-primary for all ¢ > 0, after which we appeal to part (a) (ii) of
this proposition. Similarly to part (a), Proposition m (iv) follows from the
local case.

0

Lemma 2.43. Suppose we are in one of the following situations:
(1) L/k is a field extension, R = k[z1,...,x,),m = (21,...,2,),S = L[z1,...,2,],
and I C R is m-primary or homogeneous.
(2) (R,m) — (S,n) is an extension of n-dimensional reqular local rings, mS = n,
and I C R is an ideal.
Then for all 1 < j < n such that o;(I) is defined, we have o;(I) = 0;(15).
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Proof. The assumptions imply that Ar(J) = Ag(JS) for every m-primary ideal J C
R. In particular, this applies to the ideals (I +m")?m® for all a,b,t > 0; the result
follows from Definitions 2.32] and 2.36] O

3. PROOF OF THEOREM A

3.1. F-Pure Thresholds and the Demailly-Pham Invariant. In this subsec-
tion, we require an asymptotic version of [BA17, Theorem 13| in arbitrary character-
istic. Our result follows from [BA17; DP14] with the necessary changes being made.

Definition 3.1. Let k be a field and R = k[x1, ..., z,]. The reverse lexicographic
order on R, denoted by >, is the monomial order such that x® > xP if and only
if there exists an index 0 < ¢ < n — 1 such that (an,...,an—i+1) = (bp, ..., bn—it1)
and a,—; < b,—;. The graded reverse lexicographic order, denoted >y ey, is
the monomial order given by x >gex XP if and only if deg(x®) > deg(xP) or else
deg(x?) = deg(xP) and x? >jex XP.

Lemma 3.2. Let k be a field, R = k[z1,...,x,], and J C R an ideal. For1 < j <n,
we define w1 R — R/(xj41,...,2n) = klz1,...,24]. Then

in>rlez Tr](’]) = 7T.7 (in>rlez(J))'
Proof. Let f € J. Write f = g+ h, where h € (zj41,...,2,) and g € k[z1,...,zj].
If g =0, then 7;(f) = 0. If g # 0, then in>(f) = in>(g). In both cases, we have
mj(ins (f)) = ins (5 (f))- 0

The following is a general lemma which will be used repeatedly throughout the
rest of this article.

Lemma 3.3. Let L be a field, S = Lzy,...,zy], and J C S an m-primary homoge-
neous ideal generated by forms of degree < d. Then m? C J.

Proof. We first prove the result in the case that L is infinite. First, choose forms
fi,..., fn from among the generators of J such that (fi,..., fn) is m-primary. If
hi,...,hy, are general linear forms, then

J = (hy TSIy gl £

is an m-primary (d,...,d)-complete intersection contained in J. As J’ C m? and
e(J) = d" = e(m?), we have m¥ = md C J' C J by Theorem .

Now, let L be an arbitrary field, and set S’ = L[zy,...,2,]. We then have
J=J9NnS D>mis'nS = m? by Proposition (vii) and the infinite field
case. g

Lemma 3.4 (|[BA17|, Theorem 4). Let k be an infinite field, R = k[z1, ..., x|, and
I an m-primary ideal. If > denotes the monomial order >, and v € GLy (k) is
general, then for all 1 < j <n we have

e _1It
8) tim G071 oy

t—00 tJ
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To reassure the reader that Bivia-Ausina’s arguments hold in arbitrary character-
istic, we summarize the main argument below.

Proof of Lemma[3.4 By Proposition (ii), choose v € GL,(k) so that e;([) =

e; <Ij;?;:”’;::il+)l)> Set J =y~ !I. By Proposition [2.35| (ii), let v, € GL, (k) such

that e;(ins (J*)) = e(m(7; *ins(J))). By [Smi20, Theorem 3.4 (ii)], Hilbert-Samuel
multiplicity is upper semicontinuous. Applying this semicontinuity to the special-
izations 7; (7, ins (J?)) ~ 7 (ins (J*)) and J? ~ ins (J?) as in [BA17, Proposition
2 and Theorem 4], we deduce

(9) e(mj(ins (J9)) > e(mj(y; " ins (J)) = ej(in= (J%) > ¢;(J").
By [Mus02, Corollary 1.13], Equation @D, and Lemmawe have
e(mi(J)")

ej(1) = e;(J) = e(my (1)) = lim L

ti
i G0 (mTY) el (s (7))
t—o0 tJ t—00 tJ
(3 t (Tt
(10) > lim M > lim Lﬂ]) _ ej(J).
t—00 tJ t—soco tJ

It follows that the inequalities in Equation must be sharp, proving the claim. [J

Remark 3.5. The generic change of coordinates in Lemma [3.4] is necessary when
dim(R) > 3. Consider R = Q[x,y, 2] and I = (zy, 2 + 22, 2*,y*, 2%). Let = denote
the graded reverse lexicographic order with > y > z. Using the ReesAlgebra
package in Macaulay?2 |Eis+; |GS|, we compute e(ins (I°)) = 2000. Separately, we
have 2000 = 5 - e(I) = e(I°). For all t > 0, we have in, (I°) C in. (I°)*, hence

Fe(I%) = e(I™) < efin, (™)) < e(iny (%)) = £e(I°),
Set a = iny (I°). By Theorem [2.27, we deduce that in, (1) = dof for all ¢ > 0. It
follows from Proposition [2:39 that

: t . 5t t
o ol (1) L ealine (7)) _ ea(e!) _ eala)
t—o0 2 t—00 (5t)2 (5t)2 52
To compute ey(a), we use Proposition (ii). Suppose h = ax + by + cz is such

that ea(a) = e (a?}f)h)) Let v € GL, (k) denote the map (x,y, z) — (az,by,cz). As
a is a monomial ideal, we have
0 (Ealesnsay (e

1z +y+2) (z+y+2)

The quantity in Equation ((11)) can be computed directly using the ReesAlgebra
package, giving us

a = a, hence

_ea(ing (1) _ ea(in. (%) _ 22
lim = = —.
t—o0 12 52 b

Using Lemmas and we compute ex(]) =4 < %
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Definition 3.6. Let k be a field, R = k[z1,...,2,],m = (z1,...,2,), and let as be
a graded system of m-primary ideals. We define:

ej-(am) )

e The asymptotic mixed multiplicities: e;(a,) = lim inf,, ==

e The asymptotic Demailly-Pham invariant: E,(ae) = Tla.) + -+ %ﬁ)')
e The asymptotic singularity threshold: c(ae) = liminf,, mc(ay,).

Before we prove Theorem and our asymptotic version of |[BA17, Theorem 13|,
we require the following standard facts.

Lemma 3.7. Let L be a field and S = L[x1,...,x,]. Let I be a homogeneous ideal
of S and J C I denote the ideal of S generated by the homogeneous forms in I of
degree < d. Ifht(J) =n, then J = I.

Proof. Tt is clear that J C I. Let m := (x1,...,2,). For the reverse containment,
note that I C J +m?*!. By Lemma [3.3| we have

ICJ+midtl CJ+mdCJ.

O
Lemma 3.8. Let L be a field and S = Llxy,...,z,]. Let J = (f1,...,fn) be a
complete intersection where deg f; = d; and di < --- < d,,. Then we have the

following:
(i) If L is infinite, then for a general hyperplane section H C Spec S, we have
€(J|H) == d1 --'dnfl.
(i1) Let 1 < j < n. With no assumption on |L|, we have e;j(J) = d; ...d;, and
hence E;j(J) = i +-+ d%-'

Proof. As the f1,..., f, form a homogeneous system of parameters for S, we have
(12) e(J)=dy...dy.

Choosing H generally so that ht(f1,..., fr—1)|# =n—1, Lemma[3.7 gives e(J|g) =
e((film,-- s fa=1lm)), so (i) follows from Equation (12). For (ii), Lemma[2.43|shows
that e;(J) is invariant under extension of the base field, so it suffices to consider the
case of an infinite field. The result follows from (i) and Proposition [2.35] (ii). O

Theorem 3.9. Let n be a positive integer and 1 <1 < n. Suppose either:

(1) (R,m) is a regular local ring of dimension n, excellent if char R = 0, and
that I C R is an ideal of height at least l;

(2) k is a field, R = k[z1,...,zy),m = (21,...,2,), and I C R is an ideal which
is m-primary or homogeneous of height at least I.

Then Ej(I) < c(1).

Proof. We reduce to the case of an m-primary ideal in a polynomial ring over an
infinite field. In the case (2), Proposition [2.10] (vi) and Lemma [2.43 show that
E, c are invariant under field extension. If J is an ideal generated by n — [ general
linear forms, then EK%) = FE;(I) and c(%) < ¢(I) by Proposition m (iv) and
Proposition 2.42] so we may assume [ = n.
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FIGURE 2. I'(as), to- FIGURE 3. T'(a}) in terms
gether with 1 and H. of H.

Suppose we are in the case (1). By Proposition [2.10] (vi) and Lemma [2.43] the
quantities ¢, Fj are invariant under completion and field extension, so we may without
loss of generality assume R is complete local with infinite residue field k. As ¢(I) >
c((I+J)/J) for any ideal J C R, we let J be an ideal generated by n—[ elements of m
whose images in m/m? are sufficiently general; it suffices to show that c((I+J)/J) >
Ei((I+J)/J), where (I+.J)/J is an ideal of height [ in a complete regular local ring of
dimension [. Therefore, without loss of generality, we may assume [ = n, and hence
I is m-primary. Set R’ = k[z1,...,x,],m' = (21,...,2,). Since I is m-primary,
there exists I’ C R’ with I’R = I. Another application of Proposition [2.10] (vi) and
Lemma ves c(I) = ¢(I'R],) and E,(I) = E,(I'R;,), so by Notation [2.9 and
Definition we have ¢(I) = ¢(I'), E,(I) = E,(I').

Let v € GLy (k) such that Equation holds. Set a,, = ins(y~1I™) for m >
0. By Lemma we have E,(as) = E,(I) and by Proposition we have
c(as) < ¢(I). Let p = inf{t : t1 € I'}. Since I' is convex and pul € 9I', by
[Roc70, Corollary 11.6.1] there exists a half-space H™ C R” such that ' C H™*
and that p1 € OHT. Since I' is closed under translation by elements of RZ,
and the complement of I' in RZ is bounded, the same is true for H*. The clo-
sure of the complement of HT in RZ, is therefore a simplex, which we denote by
conv(0, (a1,0,...,0),...,(0,...,0,a,)). See Figures 2 and [3] for a depiction of this
step.

Define a graded system of monomial ideals ao by a/, = {x* : a € mH*}. By
assumption that I' C H', we have a,, C a], for all m. Consequently, we have
E,(as) < Ey(a,) by Proposition 2.39) By Proposition we also have c(ae) =
c(a,). We can compute E,(a,) from the numbers aq, ..., a,: by observing that

(l{maﬂ e xlbmaﬂ) Ca,C (w%maﬂ, e ,x%ma”J),
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it follows from Lemma |3.8| that F,(a,) = a—ll +- i All together, we have

Eall) = Ba(a) € Ba(a) = -+ -+ 4 — = c{a) = claa) < (1)

O

Remark 3.10. The insight depicted in Figures [2| and |[3| appears earlier than the
work of Demailly, Pham and Bivia-Ausina, in the proof [FEMO04, Theorem 1.1].

Corollary 3.11. Let k be an uncountably infinite field, R = k[x1,...,x,], and I an
m-primary homogeneous ideal. Let > denote the graded reverse lexicographic order

and let a,, := gin(I™). Lastly, let by, ..., by, denote the standard unit vectors in R™.
If E,(I) = c(I), then

(13) W: conv <0,61(I)b1, GQ(I)b en([) b ) ‘

() 2 Tepa(d) "

Proof. By construction, > agrees with the reverse lexicographic order on homoge-
neous ideals. Consequently, we may choose v € GL, (k) very generally so that
Equation holds and ins (y~1I™) = gin, (I™) for all m > 0. With this choice of
7, let aq, a, be as in Theorem [3.9]

Suppose E,(I) = ¢(I). Then we also have E,(as) = Ey,(a,). By [BA17, Propo-
sition 10|, we further have that e;(I) = ej(as) = e;(a,) for all 1 < j < n. In
particular, e, (as) = e, (aj), so by [Mus02, Theorem 2.12 and Lemma 2.13], we have
vol(RZ \ I'(as)) = vol(RZ, \ I'(a},)). Since I'(a,),I'(a,) are closed and convex with
positive volume, it follows that I'(a,) = I'(a}). Since the generic initial ideal is Borel-
fixed, we have a; < --- < ay, hence e;(a,) = a;...a; for all 1 < j < n, proving the
claim. O

Remark 3.12. Equation is a necessary condition to have ¢(I) = E,(I), but
not a sufficient condition. By [May14] in characteristic zero, Equation holds for
any homogeneous complete intersection J = (f1,..., fn).

In fact, Equation holds for any homogeneous complete intersection in positive
characteristic, though a small modification to Mayes’s argument in [May14] must be
made. In particular, Lemma 3.6 in op. cit. does not hold in positive characteristic: in
the ring F, [z, y] we have gin(z?, y?) = (2P, yP). Instead, one appeals to TheoremM
The details will appear in the author’s thesis.

Example 3.13 ([Fer26|). Here we give a counterexample to [Kim21|, Question 1.3],
which also functions as a counterexample to the analogous statement in positive
characteristic. Let k be a field and set R = k[x,y, z]. The idea is to start with an ideal

¢ € R and a general hyperplane H for which the equality ¢(c) — c(c|g) = c2(6) }0lds

es(c
and to produce an ideal a D ¢ for which c(a) = ¢(¢), c(alg) = c(c|g), e2(a) (:) ea(c),
and e(a) < e(c).
We’ll define a family of monomial ideals satisfying the desired conditions, which
we depict in Figures [l and [} Let 3 < a < b. We define the auxiliary ideal b =




HOMOGENEOUS IDEALS WITH MINIMAL SINGULARITY THRESHOLDS 19

FIGURE 4. T'(¢), with p1 FIGURE 5. T'(a), with p1
computing ¢(¢) in red. computing c(a) in red.

(z, 2y, y?). Set ¢ = (b,2%) and a = (¢,22%"1). As a > 3, we have a C (22,32, 20).
Using Proposition 216 we compute
1 — 1
1+, = c((xy,2")) < e(e) < ca) < e((a?,y2,20)) =1+ 3
As in Remark the linear form h = x — y — z is sufficiently general to compute
ez(a) and maxy c(aly—p). Identifying R/hR with k[z,y] and letting a’,b’, ¢’ denote
the images of a, b, ¢ in R/hR, we have

CdCd =, (z+yz* "t (z+y)Pb) CV,

so we have @/ = b’ = ¢/, which implies that es(a) = ez(c) and c(a’) = ¢(¢').

By Lemma and Lemmarespectively, we have b’ = (zy, 2% + y®) and e(b') =
2a. A similar computation yields ¢ = (zy, 2% + y¢, zb), so e(c) = 2ab. On the other
hand, we claim that the containment ¢ C @ is strict — in particular, we claim that
z2%~1 ¢ ¢. To see this, we note that the monomials in k[z, z] N T are precisely those
2?27 for which i/a+j/b > 1, and we have (a —1)/a+1/b < 1. By Theorem [2.27 it
follows that e(a) < e(c). We deduce that

cla) =1+ % =c(c) + c2(c)

violating the conjectured inequality.

In light of [Kim21, Proposition 2.4 (i)], we might instead consider the weaker

bound ¢(I)—c(I|x) > #(I), where Ly(I) is the Lojasiewicz exponent (Deﬁnition.

This does hold; see Lemma
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4. THEOREM B IN THE COMPLETE INTERSECTION CASE

4.1. Behavior of the Singularity Threshold Under Modification. Fix the
following notation throughout this subsection.

Assumption 4.1. Let k be a field, R = k[z1,...,x,], and let m denote the ho-
mogeneous maximal ideal. Let I C R be an m-primary homogeneous ideal. Write
I =1 +---+ I, where I; is generated by forms of degree d; and di < --- < d,.

Lemma 4.2 (|BS15|, Lemma 3.2). Let R = k[z1,...,2,] and let m denote the
homogeneous mazimal ideal. For any e,t € Z™, we have

(mlPl s mt) = n c b2 mp” —ntl
mlPl o mrpt o=t cppe 41

More generally, we have the following.

Lemma 4.3. Let R = k[xi,...,z,]. Let v be a monomial valuation on R with
v(x;) >0 for all1 <i <mn. For A\ € RT, let ay denote the ideal {f € R:v(f) > \}
and af ={f € R:v(f) > A}. Let ¢ € Z*,X € R*. Then we have

(14) ((m(f, ) iay) = (:L"(f, cooxl) 4+ a?;_l)v(m“.xn)_)\.

Proof. The argument is the same as Lemma. Letm ¢ (z9,...,z%) be a monomial.
Then m | (21 2,)77 L, so aym &€ (2f,...,2%) if and only if @rean) o g which
holds if and only if v((z1 - - 2,)97!) —v(m) < X\. We've shown that the two sides of
Equation contain the same monomials; both sides are monomial ideals, so the
result follows. O

Lemma 4.4 ([Bai25|, Lemma 4.2). Let k be a field of characteristic p > 0, let

R = k[x1,...,zy], and I C R a homogeneous ideal. For a hyperplane H cut out by

a linear form £, we let I\ denote the image of I in R/(R. In this case, we have
iy (%) < max{r I ¢ ml) =D D1y

Definition 4.5. Let R = k[z1,...,x,] and let I C R be an ideal. The Lojasiewicz
exponent of I, denoted Lo(I), is equal to the least integer ¢ such that m* C I, or
else co in the case that I is not m-primary.

Lemma 4.6. Let R = k[x1,...,x,] and let I C R be an ideal. If H C Spec R is a
hyperplane, then we have c¢(I) — c(I|g) > #(1)'

Proof. 1f Ly(I) = oo then there is nothing to prove, so suppose Lo(I) = d < oc.
We first prove the claim in characteristic p > 0. Combining Lemma [£.2] and
Lemma [£.4] we have

Vil (p°) < max{s: mP I° ¢ mlPl}
Consequently, we have max{s : m?"I* ¢ mlP‘I} < v/ (p®) — {% J’ which implies that

viy (0°) < vi(p®) — {%J. Dividing by p°® and taking the limit as e — oo gives the

result.
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We now prove the claim in characteristic 0. The result follows from Proposi-
tion the details of which we spell out explicitly in this case (though moving
forward, we will be more terse). Let A C k be a finitely-generated Z-algebra and
J C Alzy,...,z,] an ideal such that JR = I. Such a subring A can always be
constructed by adjoining to Z the field coefficients appearing in a generating set
for I; we’ll also choose A to contain the coefficients of the linear form ¢. If u is a
maximal ideal of A, we let I, denote the image of J in (A/u)[x1,...,z,]. Applying
Proposition to both I and I|y, we obtain

) —c(lla) = lim e(l],) = clLuln,) = 1/d.
HESP

ec A
charA/p—o0

0

Corollary 4.7. Assume the setup of Assumption and let H C SpecR be a
hyperplane cut out by a linear form £. Then c(I) — c¢(I|g) > 1/d,.

Proof. By Lemma we have m% C I, so Lo(I) < d.. The result follows from
Lemma (4.6 O

Lemma 4.8. Assume the setup of Assumption[{.1 Suppose r = 2. Then we have

cl) =+ c(Il)de;dl. In particular, for any 0 < s < n, we have c(I) = F- + "=
if and only if ¢(I) = -

Proof. We prove the claim first in positive characteristic. By Lemma [3.3} we have
m® CT,s0 I CI +m%® CT, so0c(l)=c(I; + m?®). Consequently, we have

v#(p®) = max {a +b: Ifmzd” Z mb’e]} =max{a+b:I{ < (ml[f’e} : mgd")}.

By Lemma we obtain

(15) vi(p®) =max{a+b: I mlPl mnpt Tt l=bdzy

The ideal I{ is generated in degree ad;, so I{ € mlPl + mt if and only ¢ Z mlp°]
and ad; < t. With this insight, we refine Equation :

np® —n — ady
16 ) = _
(16) Vi) Oiargzi}f(pe) ot da

The quantity being maximized in Equation (16]) is an increasing function of a, so
the maximum occurs at a = vy, (p©) and

ey npt—mn oo —dy
vr(p©) = ot 1 (%) o
Dividing by p® and letting e — oo, we obtain
do —d
o(l) = = + () =
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For characteristic zero, we can spread out to positive characteristic as in Corollary [4.7]
and compute

c(I) =lime(l,) = lim <n +e(l1,,)

d2d1>_n dg*dl
I 1% d2 N '

— I
7 7 +c(ly) A

O

4.2. Induction Setup. In this subsection, we begin the proof of Theorem b1 in
the case that I is a complete intersection and k = k.

Assumption 4.9. We assume a setup similar to Assumption [{.1l Let k be an
algebraically closed field. Letaq,...,a,,d1,...,d. € ZT. For1 <i <r, let x; denote
the tuple of variables x;1,. .., %;q,, and let R = k[x1,...,%;]. Letn =a1+---+a, =
dimR. Let I C R be a complete intersection of the form (fi1,..., fra,) such that
fij is a di-form. For 1 < j < r, write I; = (fj1,..., fja;). Let wq denote the

monomial valuation with wq(x; ;) = 1/d;. We let © denote the ideal (xclll, o xd),
which coincides with the set of elements z with wq(z) > 1.

Assumption 4.10. Assume the setup of Assumption[{.9 We define the following
condition on the ideal I:

() I, is extended from k[xi] and I C D + (x1)

Definition 4.11. For r € Z", we define the statements A, B,.
For all I as in Assumption if E,(I) = c(I) then

A

(4r) there exists v € GL,,(k)such that v CD.

(B,) For all I as in Assumption if E,(I) = c¢(I) then
T

there exists v € GL, (k) such that vI satisfies Equation ([f]).

The goal of this section is to prove A, for all r. We accomplish this via the
following steps:
(1) Al,AQ hOld;
(2) For r > 3, A,_1 combined with As implies B,;
(3) For r > 3, B, implies A,.
The proof of step (1) is short, but steps (2) and (3) will each have a dedicated
subsection.

Proof of Ay. If I is an m-primary complete intersection generated by forms of degree
d for some d, by Lemma we have T = m?. ]

Remark 4.12. When r = 1, the above argument shows that ¢(I) = E,,(I) is satisfied
for all choices of I. Unfortunately, this means that the proof of our induction step
Ay, A1 =— A, can’t be modified to show A1 — A,. We instead expand the
scope of our base case.

To prove As, we introduce the notion of essential dimension.
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Definition 4.13 (Essential Dimension). Let J C R = k[x1,...,24] be a homoge-
neous ideal. The essential dimension ess(J) is equal to the minimal r for which there
exist linear forms £1, ..., ¢, such that J is extended from I C k[¢y,...,¢,].

We have the following result.

Proposition 4.14 (|Bai25|, Proposition 3.3). Let k be an algebraically closed field,
R = klzo,...,xy), and J C R a homogeneous ideal. Set r = ht(J). Let L =

(bys1, ..., L), where the £; are chosen generally. Forr <t <n, set Ly = ({y41,...,0n)
and Jy = JJLr—tLt Then for all v <t < n, we have ess(Jy) = max(t + 1, ess(J)).

Proof of As. By Lemma [1.8] if ¢(I) = E,(I) then ¢(I;) = a1/d. By [FEMO03|, The-
orem 3.5] in characteristic zero and |[Bai25, Theorem 3.17| in positive characteristic,
it follows that ess(/;) = a;. By |Bai25, Lemma 3.18|, there exists v € GL, (k) such
that v(I1) = (x1)%, hence vI C (x;)% + m® C D. O

4.3. Step (2): For r > 3, A,_1 combined with A; implies B,.

Lemma 4.15. Assume the setup of Assumptioniznd supposer > 3,¢(I) = Ep(I).
If A,_1 holds, there exists v € GLy (k) such that vI; = (xl)dl.

Proof. Note that E,,(I) = a1/d1+---+a,/d, by Lemma Let L be an ideal of R
generated by a3 + - - - 4 ag general linear forms. Since [ is a complete intersection,
Iy + I + L is F-primary, so by Lemmaawe have ¢(R/L, L) = ¢(R/L, Btltl),
Consequently, by repeated application of Corollary we have

(17) c(I)Zc(R/L,—WLQ—FL) a3 L%

Assuming ¢(I) = E,(I), we have
ay . a I +I+ L ay | az
N (g, 2Ty 0 82
d1+d2_c(/’ L >_d1+d2’
where the left-hand side is by Theorem and the right-hand side is by Equa-
tion . Both inequalities are therefore equalities, so by the proof of As, we have
I+

ess (T) = aj. By Proposition it follows that ess(I;) = a;. The result then
follows from |Bai25| Lemma 3.18|. O

Lemma 4.16. Assume the setup of Assumption . Suppose ¢(I) = E,(I). Then
there exists v € GLy, (k) such that vI satisfies Equation .

Proof. By Lemma we may assume [; is extended from k[x;]. Let > denote
the monomial partial order induced by the monomial valuation w(z;;) = 0 and
w(z;j) =1fori>2 For2<i<r1l<yj<alet g = ing(f;;). Since I is
a complete intersection, we have f; ; ¢ \/I1 = (x1), hence g; ; ¢ (x1) and moreover
fij — 9ij € (x1). Observe that

(18) ing (I) 2 I +ing (o 44+ L) 2 [i + (92,1, -, Grar)-

Let I’ denote the right-hand side of Equation (|18]). Because g; ; and f;; have the
same image modulo (x1) = +/I1, the ideal I’ is a complete intersection. In particular,
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I’ is a complete intersection of type (di,...,d1,...,d;,...,d;). By Lemma [3.8] and
—— ———
al ar

Proposition [2.22] we have

(19) Bu(l) = Bu(I') < o(T") < efin (I)) < e(T) = Fn(1).

As ) = (x1)%, we have ¢(I1) = a1 /d;y. Since Iy and J := (g2.1, - -, gr.a,) are defined
in terms of disjoint sets of variables, we have by |TXZ24, Theorem 2.4 (1)] that

(20) c(R,I') = c(k[x1], ) + c(k[x2,...,x,],J) = d—l—kc(k:[Xg,...,xr],J).

It follows from Equations and that J, which is a complete intersection
in k[x2,...,X,], satisfies Eqyt...qq,(J) = c(J). By A,_1, there exists v € GLy_q, (k)
such that 7J - (x2 Lo xd)

We define v/ := 1dél ! ﬂ and we claim that /I satisfies Equation . By
construction, +'I’ satisfies Equation . Since g;; — fij € (x1) forall2 <i¢<r, 1<
j < a;, we have

’7/(12 +--+ Ir) - 7/(91,17 cee agr,ar) + (Xl)v

which proves that 7' also satisfies Equation ([f]). O

Remark 4.17. In the proof of Lemma we used the assumption A,_1 to show
that I|gp C ©|g. This condition is necessary, but not sufficient, to have I C © —
even if I also satisfies Equation . For example, consider the ideal I = (22,9> +
ryz,27) and D = (22,93, 27).

4.4. Step (3): B, implies A,.
4.4.1. Proof Sketch. By B,, any ideal I as in Assumption [4.9{with ¢(I) = E,,(I) can

be written in the form

I = (fl,lw'-afl,m) + ((fé,l +fé/,1> +o+ (f;,ar +frar)>

where f]; € k[xa,..., %] and f; € (x1), and fi1,..., fra, fo1,- -+ frq, are all
contained in ® and form a regular sequence. If 2” ;€D for all 4, j, then I C ® and
Proposition implies that I = D as desired.

To handle the case that I ¢ ©, we suppose that I is as close to © as possible
without having I C ©. Specifically, we consider an ideal I with a unique index
2 <m <7 —1such that f; =0 for all i # m and f]; = .T}dj We also suppose
that for this fixed index m, the f” . are not all zero and no monomial summand
of fy, ; is contained in ©. Because of the (relatively) uncomplicated structure of I,
we are able to use positive-characteristic arguments to directly show ¢(I) > E,(I)
(Lemma [4.29)).

In the general case (Lemma , we prove that any complete intersection sat-
isfying Equation but with I € ® can be degenerated to an ideal I’ which is
as described in the previous paragraph: close to ® while satisfying I’ € ©. By
Proposition [2.22] we have c¢(I) > c¢(I') > E,(I') = E,(I).
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4.4.2. Constructing the Degeneration Order.

Notation 4.18. Let by,...,b, denote the standard basis vectors for Z™. For u =
(u1,...,up) € (ZT)", set lu| = uy + -+ +uy. Ford = (dy,...,d,) € Z", we also
define vq : Z" — Q by va(u) = -+ + .

Lemma 4.19. Let 0 < dy < -+ < d, € (ZT)" and set d = (d1,...,dy). Let
S C (Zso)™. Write S =Sy U---US,_1. Assume that S satisfies the following:

(1) For allu € S;, we have |u| = d;.

(2) For allu € S, either uy > 1 or vg(u) > 1.

(3) For all2 <i<n—1, we have d;b; ¢ S;.

(4) There exists u € S with vg(u) < 1 (and therefore uy > 1).

Then there exists a linear map X\ : Z' — 7. and a unique index 2 < m <n — 1 such
that

(A.i) Forall2<i<n-—1,i# m,u€ S; we have A(u) < A(dmbpn).
(A.ii) We have

(21) max A(u) = AN(dpbp,).
u€Sm
(A.iii) For any u achieving the mazimum in Equation we have vg(u) < 1 and
(5] Z 1.
To prove Lemma [4.19] we construct a sequence of auxiliary linear maps Ag, ..., As :
7" — Q.

Lemma 4.20. Assume the setup of Lemma [{.19 There exists a linear map Ao :
7" — Q such that:

(B.i) For all2 <i<mn—1,ueS; we have A\op(u) < Ao(d;b;).
(B.ii) Foru € S;, if Ao(u) = Ao(d;b;) then vg(u) < 1.
(B.iii) Foru € S;, if \o(u) = \o(d;b;) and uy > 1, then vg(u) < 1.
(B.iv) There exists an index 2 < j <n —1 and some u € S; such that uy > 1 and
No() = d; do(b).

Proof. To start, we set
(22) to == min M.
ues with ug>1 Uy
We define A\g : Z™ — Q by
Ao(u) = toug — vg(u).
We claim that Ao satisfies (B.i)-(B.iv).

(B.i) Let 2 <i <m—1,u € S;. Our proof that Ag(u) < \o(d;b;) splits into two
cases.

u; = 0: By assumption (2) of Lemma we have Ag(u) = —rg(u) < —1.
u; > 1: We have A\o(u) < <%1)_1) u; — vq(u) = —1. The property (B.i) then
follows from the fact that A\o(d;b;) = va(d;b;) = —1forall2 <i <n-—1.
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(B.ii) First, we observe that if A\g(u) = Ag(d;b;) = —1, then
(23) Vd(u) = touy — )\0(11) =14 touq.

By assumption (4) of Lemma there exists u € S with u; > 1 and
vq(u) < 1. It follows that the minimum in Equation is negative, proving

(B.ii).
(B.iii) The claim (B.iii) follows from Equation together with the fact that
toup < 0.

(B.iv) If u € S; realizes the minimum in Equation , then

Ao(u) = (

“ﬂm_d>uy+mﬁﬂ_—1_A“%m)

uy

O

Notation 4.21. Assume the notation of Lemmal[f.19, and let \g be as in Lemmal[].20
For2 <i<n-—1, we define

SZ(O) = {U. S Sz : )\o(u) = )\O(dzbz)}
and we set SO = Séo) - 5’120_)1.

By Lemma we have some control over S(©.

e By definition, we have S© C .

e By (B.ii) and (B.iii), for every u € S we have vq(u) < 1 with equality only
if uy = 0.

e By (B.iv), S is nonempty. In particular, S(9) contains an element u with
(5] Z 1.

Lemma 4.22. Assume the notation of Notation [{.21. There exists a linear map
A1 Z" — Q such that:
(C.i) Forall2<i<n—1ue S, ifu; =0 then \(u) < A (diby).
(C.ii) For all2<i<n-—1l,ue€ SZ-(O), if up > 1 then we have A1(u) < Ai(d;by).
(C.iii) There exists an index2 < j <n—1 and some u € S](-O) such that u; > 1 and
Ar(u) = A1 (d;b;).

Proof. We set

(24)
i ) dug + - 4 dMuy, — did!
t1 := min min 2 nt T A (u) = tlul_d%UQ_' = dp .
2<i<n—1 uESl-(O) ul
with u3#0

We claim that A; satisfies properties (C.i)-(C.iii).
(C.i) By assumption (2) and (B.ii), we have v4(u) < 1. Consequently, we deduce

N )
dy

2 1> -t
(25) > vg(u) a ’
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If uy 4+ - - -+ u; = d;, then each inequality in Equation is an equality and
hence u = d;b;. This would violate assumption (3), so there must instead
be some index 7 < j < n such that u; > 1. We then have

M) = —d2ug — - — dlu, < —d < —did!, = M1 (d;by).
(C.ii) We compute
(26)
APy + - + duy, — did ,
A(u) < < nti2 + J; nt ") wi — d2ug — -+ — dMup = —did' = A (diby).

(C.iii) By (B.iv), the set {u € SO : 4y > 1} is nonempty. If u achieves the mini-
mum in Equation , then the inequality in Equation is an equality.

O

Notation 4.23 (Subsuming Notation [4.21). Let k& > 0. Suppose that Ao, ..., Ak
have been defined. For 1 <{<k,2<i<n-—1, we define

S = {ue S0 M(u) = dide(by)}

0

and set SO = Sé u---u Sr(ﬁl. Finally, we set Ay ={2<i<n-—1: Si(z) # o}

Similarly to the case of S, Lemmas and give us control over S® for
¢ > 1. Assume we have constructed Agyq and proven Lemma for k </—1.
e By definition, we have $¢ C §¢¢=1),
e By (B.iii), (C.i), and (C.ii), for all u € S we have u; > 1 and vg(u) < 1.
e By (C.iii) if £ = 1 and (D.iii) if £ > 2, there exists an element u € S with
u; > 1.

Lemma 4.24. Let k > 0 and suppose that Xg, ..., A\ have been defined. Assume the
notation of Notation and suppose that |Ag| > 2. Set iy, = min A. There exists
Ak+1 : Z" — Q such that:

(D.i) Foru € S’i(:), we have A\gy1(1) < Agg1(di bi,).

(D.ii) For j > i, u € Sj(-k), we have Apy1(u) < A\py1(djby).

k)

(D.iii) There exists some index j > i and some u € SJ(. such that Ag41(u) =

Ak+1(d;bj).
Proof. We define

(27) tht1 := max —=  App1(u) = —tppiur + ug, -
(k) Uy

j>ik,u65j
We claim that Ap4q satisfies (D.i)-(D.iii).
(D.i) Forue SZ-(E), since u # d;, b;,, we have

Akl (u) < g, < dik = dik)‘k-i-l(bik)'
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(D.ii) For j > k,ue S](-k) we have

Uj
(28) )\kH(u) < - <uf> u + Ui, = 0= )\k—l—l(djbj)-

(D.iii) If u attains the maximum in Equation , then the inequality in Equa-
tion is sharp.
]

Lemma 4.25 (c.f. |[Eis95], Exercise 15.12). Let po, ..., ps : Z™ — Q be linear maps
and U C Z™ a finite set. There exists a map p : Z"™ — Z such that for allu,v € U,
we have p(u) < p(v) if and only if

there exists 0 < k < s such that pg(u) < pr(v)
and pe(u) = pe(v) for all0 <€ <k—1

We may now prove Lemma

Proof. First, we construct the auxiliary maps Ao, . .., As. Apply Lemmas[f.20]and [4.22]
to S to produce linear maps Ag, A\;. By (B.iv) and (C.iii), we have |[A;] > 1. We
continue inductively: suppose we have constructed Ao, ..., \g. If [Ag| = 1, we set
s = k and proceed to the start of the following paragraph for the next step of the
argument. Otherwise, apply Lemma to produce a map Ag11. By (D.i) we have
Ag+1 € Ap\{ix} and by (D.iii) we have |Agi1] > 1. Asn—2 > |Ay| > [Ag] > -+ > 1,
we eventually arrive at an index s such that |[Ag| = 1.

Apply Lemma to the sequence g, ..., As to produce a map A : Z" — Z. We
show that A satisfies (A.i) and (A.ii), where the index m is the unique element of
As. By Lemmas [4.20, F.22] and [£.24], for all2 < i <n—1,u € S;,0 < k < s we have
A (1) < Ag(dib;). It follows that A(u) < A(d;b;). If A(u) = A(d;b;), then we must
have A\;(u) = A\i(d;b;) for all 0 < k < s. Each successive equality A\i(u) = A\ (d;b;)
creates further restrictions on u:

(a) As Ag(u) = Xo(d;b;), by Lemma [£.20] (B.ii) and (B.iii) we have either u; =0
and vg(u) < 1lorwu; > 1 and vg(u) < 1.
(b) As A1(u) = Ai(d;b;), by Lemma (C.i), we must in fact have u; > 1 and
I/d(u) < 1.
(c) As Ag(u) = Ag(d;by) for all 1 < i <s, we have i € Ay N---NAg = {m}.
Point (c) in the above list implies (A.i) and points (a), (b) imply (A.iii). For (A.ii), we
(

have by construction that Ag = {m} is nonempty, so there exists u* € Snif) C S,

By Notation the set Sf{f) is inductively defined as the set of u € S, such
that Ag(u) = Ag(dmby,) for all 0 < k& < s, so we have A(u*) = A(d,,by,), hence
Equation holds. O

(29)

4.4.3. Applying the Degeneration Order.

Lemma 4.26. Let R be as in Assumption . Suppose that fi1, ..., fq, are d;-forms
comprising a reqular sequence in R, and suppose that f; € k[x;] for all 1 < j < a;.
Then the integral closure J of (f1,..., fa;) in R is equal to (x;)%.
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Proof. Since k[x;] — R is faithfully flat, fi,..., fo, form a regular sequence in k[x;].
By Theorem the integral closure of (fi1,..., fa;) in k[x;] is (x;)%. By Proposi-
tion[2.26] (vii), we have (x;)% C J. On the other hand, we have (f1,..., fa,) C (x;)%.
By [HS06, Proposition 1.4.6], (x;)% is integrally closed in R, so J = (x;)%. O

Lemma 4.27. Assume the setting of Assumption [{.9 Suppose I satisfies Equa-
tion , Then we have the following:
(a) Foralll <i<r1<j<a,;, there exists f; ; € k[x;] and f/'; € (x1,...,%;-1)
such that fi; = fi ; + fi;.
(b) For all1 <i <, we have /I + -+ I; = (x1,...,%;).

(c) For all1 < i <r, the elements fi/,h el fil,ai form a reqular sequence.

Proof. The key to this proof is the following simple observation. Let g = xill T
be a monomial of degree d; such that wgy(g) > 1. If g ¢ (xq,...,%;-1), then we have
e, ++e . e; ’..._i_e -

(30) 1 < wd(g) < ,1 1,04 + 1+1,1 T,a
d; dit1
€1, "t €ra €it1,1," "+ €ra
- T d; —d; ’ ,Qr
dz‘ + ( 1+1 z) < didz’+1 )

Ase;1+---+eprq =d; and deg(g) = d; we have e = 0 for all k < i. At the same
time, Equation implies that ej111 4+ -+ €rq, =0, 50 g € k[x;].

For any 1 <i <r,1 < j < a4, by Equation we have supp(fi;) € © U (x1).
By the previous paragraph, we have supp(f; ;) N1 ® C k[x;] U (x1,...,%;—1). Writing

fij = ZyeSupp(ﬁ ) ﬂéi’j)y, we may therefore define
fig= > B fi= > By,
yEsupp(fi,;)Nk[x;] yesupp(f,)N (X1, Xi—1)

which proves (a).

We prove (b) and (c) simultaneously by induction. By Equation (f)), I; is a
homogeneous ideal extended from k[x;] and ht(I1) = ay, so (b) holds for i = 1. As
fi; = fi; for 1 <j < a1, (c) also holds for i = 1. Suppose that (b), (c) hold for

i—1. Then /I; + -+ -+ I;_1 = (x1,...,Xi—1), SO we have
(31) V +I _\/X17°- ) Xij— l (fi,lv"wfi,ai)
= \/Xl,.. , X1 +( 1{717"‘7fz{,ai)’

Taking the heights of all terms in Equation , we observe that the elements
fitseos ficvaias figs -5 fi g, form aregular sequence. In particular, f;,..., fi . is

a regular sequence, proving claim (c). As ht((f;;,...,f;,,)) = a; and (fZ 1o fia)
is a homogeneous ideal extended from k[x;], we have ,/(f ..., fi,.) = (xi). Ap-
plying Equation again, we deduce claim (b). O
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Lemma 4.28. Assume the setting of Assumption [[.9 Suppose I satisfies Equa-
tion and I € ®. Then there exists an integer 2 < m < r — 1 and d,-forms
Ry hma, such that, setting

J = (Xl)dl +F (Xm—l)dm_l + (hm,lu C) hm,am) + (Xm+1)dm+1 + -+ (X’r‘)dry

we have
i) For all 1 < j < am, we have hy,j = hy, ;+ hy, 5, where hy, . € k[Xp], hy,
»J m,j m,j m.j
(x1), and wy(y) < 1 for ally € supp(h”7 );
(i1) There exists some j such that hy, ; # 0;
(111) J is m-primary with E,(J) = En(I);
() c(J) < c(I).

Proof. Let f];, f;'; be as in Lemma '4.2? Define a semigroup homomorphism p :
Mon(x1,...,X;) = Z5, by p(ij) = b;. For 2 <i < r, we define

Si = J p (supp(f/))) -
j=1
Set S = Sy U---US,—;. We claim that S satisfies the hypotheses (1)-(4) of
Lemma [£.19

(1) The claim follows from the fact that ” - is homogeneous of degree d; and
deg(y) = |p(y)| for any monomial y € R

(2) Let y € supp(f;;) be a monomial. If y € (x1), then p(y)1 > 1. Otherwise,
as I satisfies Equatlon (1), we have 1 < wy(y) = l/d( (y)).

(3) By construction, if y € supp(f/;) then y € (x1,...,%x;-1), s0 p(y)1 + -+ +
p(y)i-1 > 1, hence p(y) # d;b;.

(4) By assumption, we have I Z ®, thus we have f; ; ¢ © for some 1 <i <7, 1<
j < a;. By Equation I is extended from k[x;], hence I; C (x1)% C D.
Moreover, by Lemma we have m? C D, hence I, € 3. We conclude that
there exists some2<i<r-—1 and some 1 <j < a;such that f;; ¢ ©. As

; € m% N k[x;] € D and fij+ = fi;j ¢ ©, it must be the case that

i §7§ ®. In particular, there eX1sts a monomlal y in the support of fz” f such
that y ¢ ©. Recalling that © consists precisely of the elements f € R with
wq(f) > 1, for this monomial y we have p(y) € S and vq(p(y)) = wq(y) < 1.

We now apply Lemma to the set S to produce a map A : Z" — Z and an index
2 <m <r —1 such that
(A.i) Forall2<i<r—1,i# m,u€S; we have \(u) < A(dpbn).
(A.ii) We have
(21) max A(u) = \(dpbp,).

uESm

(A.iii) For any u achieving the maximum in Equation we have vq(u) < 1 and
Ul > 1.
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Let iny denote the monomial partial order given by y <) z if A(p(y)) < A(p(2)).
We consider the leading terms iny(f; ;) for 2 < ¢ < r —1,1 < j < a;. For any
y € supp(f; ;), we have p(y) = d;b;, and in particular A(p(y)) < A(d;b;). By (A.i)
and (A.ii), we have A(p(y)) < A(d;b;) for all y € supp(f/’;). It follows that
max  A(p(y)) < A(dib;).
yesupp(fi,;)

By Lemma [4.27, the elements f . j form a regular sequence. In particular, fZ’J #0,
S0 supp(f”) N k:[xz] = supp(f; ;) # 9. If y;; € supp(f;;), then we have

max  A(p(y)) > Mp(yiyz)) = Adiby).
yesupp(fi,;)

We now have an expression for the leading term iny(f; ;). If we write f;; =

> _yesupp(fi, )By y, then iny(f;;) is the sum over all 735 ’j)y such that A(p(y)) is
as large as poeslble To be precise, we have

(32)
m)= X gege Y g
yesupp(fi,;):A(p(y))=A(dib;) yesupp(f!;):M(p(y))=A(d;b;)
For 1 < i < am, set hy, j := inx(fim, ;). With this choice of hy, 1, ..., hm,a,,, We verify

that J satisfies conclusions (i)-(iv) of the lemma.

(i) Weset hy, ;= f;, ; and hy, ;= ZyEsupp(f{{j):/\(p(y))z/\(dibi) yg(,l’J)y. By Equa-
tion , we have hy, ; + hxw = inx(fm,j) = hum,j. By the definition of f;,
in Lemma we have supp(hy,, ;) C k[xp]. For any y € supp Ay, ;, we have
y € supp(fy, ;); s0 p(y) € Spm. We also have A(p(y)) = AM(dmbpm), hence by
(A.iii) we have p(y)1 > 1 and vq(p(y)) < 1, hence y € (x1) and wq(y) < 1.

(ii) By (A.ii), there exists u € Sy, such that A(u) = A(dy,by,). By the definition
of Sy, there exists some index 1 < j < a,, and some y € supp( 7’7’”) such
that p(y) = u. By Equation (32), we have y € supp(hy, ;).

(iii) We argue similarly to Equation |D By Lemmall4.26| we have \/(ffnl, oo Fham)
(xmm). By Equation (3 , we have hy, ; = f;, ; mod (x1), so it follows that
Vi = ¢xl (1) + (ot o)+ (K)o (%)
= /1) (1) + (1o s Fna) + (Gmsa) -+ () = m.
To see that E,,(J) = E,(I), we note that J has the same integral closure as
the ideal
J = (xilll, e $izm:11,am_1 Py hman, :Efnmfll’l, . ,x?far).

As J' is a complete intersection, by Lemma we have

Eo(J) = En(J') = %+ +%:mm.
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(iv) Let I’ = (inx(f11),---,inx(fra.)). We claim that J C I’. By Equation
and (A.iii), we have inx(f; ;) = fi; for i # m. For i # m, it follows from

Lemmas and that (x;)% = (f/1,..., f! o) C I’. The claim that J C
T’ follows once we note that hp, j = iny(fi;) € I'. To see that ¢(J) < e(I),
by Propositions and we have

co(J) = c(J') < e(I') = c(I') < e(inr(D)) < (1)
]

Lemma 4.29. Assume the setting of Assumption[{.9 Let J C R be an ideal satis-
fying conditions (i)-(iii) of Lemma[4.28 Then c(J) > E,(J).

Proof. Set Jym, = (hm,1,-- -, hm.a,,). We first prove this result in characteristic p > 0.

We claim that the assumptions on J,, imply that ess(J,,) > a,,. To see this,
suppose on the contrary that ess(Jp,) < am. As ht(Jp) = am, it must be the
case that ess(J,) = an,. By [Bai25, Lemma 3.14] we have J,, C ({1,...,%,, )"
for some linearly independent 1-forms £ = ¢1,...,4, € R. In particular, \/J,,, =
(Eb s ,fam).

We can compute +/.J,, from a different perspective. By assumption, for all y €
supp(hy, ;) we have y € (x1) \ ®. In particular, y ¢ (x1)%, so we have instead

y € (x1) N (x2,...,%,). It follows that

(8) = VJm € V/(0,) + (h2,) C (xm) + (x1) N (%2, ., %)
which implies that (€) = (x,,,). This contradicts the assumption that hy, ; # 0 for

some index 1 < j < @y, so we conclude that ess(Jp,) > an,. By |Bai25, Theorem
3.17] we have c(J,,) > 4=

d"rl.
Let f = h’fm...hfﬁfﬁm be a homogeneous generator of (Jy,)"/m®?) such that
f ¢ mlP’l. Write
F= > Bw = D Bw
yesupp(f) yEsupp(f)\mr€]

As f = f' mod mlPl, we have f'J,, C mlPl.

Applying Theorem [2.29| and Lemma 4.26| to the ideal ‘]’”(178(1), we have

(o) 4 (1) I+ (1)
(x1) T ()
Let jiy, . . ., sar be a minimal set of monomial generators for (x,,,)%"%. Subsequently,
we let pi,...,un € Jp be homogeneous elements such that p; — pg; € (x1) for
all 1 < ¢ < M. Let = denote the reverse lexicographic order after putting the
variables in the order x; < --- < X,. By definition of the reverse lexicographic
order, we have y < z for any y € (x1),z € k[x2,...,%X,|. In particular, we have
iny (f;) = iny (pi + (f; — pi)) = pg. It follows that (x,,)%m%m C ing (Jp,).
By construction, we have f ¢ mlPl and f.J,, C Jﬁi]’”(pe)Jrl cmll As f =
mod mP!, we have f’ ¢ mlPl and fJ, € mlPl + J;;ij(pe)-u C mlPl. Let y =
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iny (f'). As no element of supp(f’) is in mlP), we have y ¢ mlPl. Additionally, we
have

iy (f') iny-(Jo) C ine (f'Jim) C iny- (mPT) = mP*Y,
By Lemma we have
(m[pe} : Jm) g (m[pe] : (Xm)amdm) = m[pe] _.I_ (Xm)am(pe_l)_amdm‘i‘l'
As y ¢ mlPl we have
(33) Ord(xm)(y) > am(pe - 1) — apdpy + 1.
Additionally, we write
am . am, ‘s . ,
| (CHEREES | (D DI (A RIS
j=1

j=ro<tt<t; ~J
’ "y .
tht]=t;

As supp(f’) C supp(f), there exist (¢1,t7),...,(t;, ,tq, ) such that ¢’ +¢7 = ¢; for
all 1 <j <a, and

y € supp ( ()5 (i )5 - (Bl ) (B, ) )

Set J! = (h! Rla ). As J] is extended from k[x,,], by Lemma we have

m,17 0 P muam,
J;n C (Xm)dmv SO

(p° — 1)J _

a
t A by, S v (09) < Vi yam (09) < { =
m

By assumption, J,, € ®. Define

o=  ax wq(y),

yEsupp(hm, ;)\ (xm ) m

which satisfies o < 1 by conditions (ii) and (iv). Consequently, we have

wy(y) < Zt;wd(hﬁmj) + Zt;’ < max wd(z)>
j=1 j=1

zesupp(hy, ;)

am am am am
=>4 [ max  wa(z) | <) i+ t]
- — zEsupp(hm,j) = =

rm(l';m—UJ +o (VJm(pe) - VM(Z;_UJ> '

Asin Lemma let ag, ag denote the ideals {f € R : wq(f) > B}, {f € R: wq(f) >
3} respectively. Let t. denote the quantity in Equation (34); as wq(y) < t. we have
y ¢ ai. By assumption, y ¢ mlPl and as y is a monomial we have y ¢ mlPl 4 att.
Set ue := (p° — 1)(F+ + -+ ). It follows from Lemma that

IN

(34)

y ¢ mlP 4 aj; = (m[pe] DOyt )
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Let z € a,,_s, such that yz ¢ mlPl. Write z = 2’2 where 2 € k[x,,] and 2/ €
E[X1,...,%m, ..., %;]. As yz ¢ mPP’l, by Equation we have

ord(xm)(z/’) < (p° — Dam — ordx,)(y) < amdm,

hence wy(2') = wyq(z) — wy(2") > e — te — am. As D = (x1)% + -+ + (%)%, by
Theorem we have

o Dluemtel=am C (1) 4 ... (x,) ) e—tel—am—n.
Since 2’ ¢ (x;,,), we in fact have
2 € ()b (1) G ) ) et (et e,
As 2'f ¢ mlPl it follows that vy (p®) > vy, (p°) + |ue — te] — @y — n. Dividing by
p¢ and letting e — 0o, we obtain

e . te
c(J) > e(Jm) + lim Yo im e

e—00 pe e—00 pe

= c(Jm) + (‘(Z +o Z) - <Z:(1 —0) +Uc(Jm)>

= (1-0) (c(Jm)—Z:>+<Zi+m+Z:>

Since o < 1 and ¢(J,) > 7=, it follows that the above quantity exceeds E,(J).

In characteristic zero, one notes that for any ideal J satisfying conditions (i)-(iii),
the reduction of the pair (R,.J) to characteristic p > 0 satisfies conditions (i)-(iii).
Moreover, the quantity o is constant for p > 0. Assuming the reduction notation of
Assumption we have

)_
)_

am
pu— 1 > _— 1 - T
c(J) yelslgech c(Ju) = (1—0) uelslgech (Jm,p) d, + En(J)
charA/p—o0 charA/p—o0
=(1-0) (.:(Jm) - Zm) + Ea(J) > En(J)

Lemmas [4.16] [£.28 and [£.29] combine to give us a proof of Theorem [5.1]in the case

of an m-primary complete intersection.

Proposition 4.30. Assume the setup of Assumption and suppose c(I) = E,(I).
Then there exists v € GLy (k) such that yI = D.

Proof. Using Lemma we produce v € GLy(k) such that v/ satisfies Equa-
tion . By Lemmas and we have v =D. g
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5. PROOF OF THEOREM B

In this section, we prove the main result of this article, which we restate below.
Theorem 5.1. Let k be a perfect field. Let R = k[x1,...,zy,] and let I C R be a
homogeneous ideal with ht(I) > 1. If Ey(I) = ¢(I), then there exist integers dy, . .., d;
and v € GL, (k) such that

vl = (x‘lil,...,:r;ll>.

5.1. Algebraically closed fields. Throughout this subsection, fix the following
assumption.

Assumption 5.2. Let L be an uncountable, algebraically closed field. Let S =
Llz1,...,x,) and let I C S be a homogeneous. As in Lemma for 1 < j <mn,
let Sj := Lix1,...,z;],m; : S = S the natural projection map and v : S; — S the
natural embedding. Let > denote the graded reverse lexicographic order > gy
Definition 5.3. Let k be a field, R = k[xy,...,2z,], I C R a homogeneous ideal,
and t € Z*. We let [I]; denote the vector space of t-forms in I and we let [I]<¢
denote the direct sum of the [I], for s < ¢t.

Definition 5.4. Let k be a field, R = k[z1,...,z,), and I C R a homogeneous ideal
of height I > 0. For 1 <14 <, let d;(I) = min{j : ht[I]<;R > i}.

Lemma 5.5 (c.f. [Mayl14]). Assume the setting of Assumption[5.4 Let~ € GLy(L)
be very general: for now, we impose the condition that for all m > 0, we have
iny (yI™) = gin, (I"™); we will impose countably many additional conditions in
Lemma [5.10. For 1 < j < n,m > 0, set ajp = ins(m;(yI™)) C S;. For
7 > 0,1 <1 < g, let bl(»j) denote the ith unit vector of RI. For j > i, let
p;(i) :=inf{t: tbl(j) €I'(aje)}. Then for all j, we have pj(j) = pn(J)-

Proof. By Lemma we have tj(aje) C ape for all 1 < j < n, so pp(j) <

p;(j). For the reverse direction, set ¢ = p,(j). Since tbg-n) € Upnso z=D(an2m),

there exists a sequence {a,, = (@m,1,--.,amn)}m>0 such that a,, € I'(a,zm) for
all m and lim,, o0 27 ™a,, = tbgn). For any choice of {a,}m>0, we also have
([am1ls-- -, [amn]) € I'(ap,2m) and limp, o0 (ama][amn]) [am’ﬂé;;{ [amnl) tb§n). We may there-

fore assume without loss of generality that a,, € Z%, for all m > 0,1 <7 < n, hence
for all m > 0, we have x®" € @, gm.
By [GW15, Theorem 2.1, @, 2m is Borel-fixed, so

am,1 . Am,j—1 am,j+"'+am,n
.731 wjil j

We further note that a;,, = m;(aymn) by Lemma . By Proposition M(iii), we
conclude

S Cln,gm .

()™ 2T T Ty € (dgm) © 7 (an,am) = Bjam.

It follows that

PRONESTS (@my- s aj1,a5 + -+ ap)
J m—0o0 m

S F(ﬂj,),
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which proves p;(j) <t = pn(j). -
Remark 5.6. Assume the setup of Lemma A priori, there exists a sequence
{am = (am,h SERE) am,j)}m>0 < Rjzo

such that for all m > 0 we have lim,,_ - 2 ™a,, = tb§j) and a,, € T'(agm).
Lemma is a minor refinement, allowing us to assume that x®™ € agm.

Lemma 5.7. Assume the setup of Lemma . There exists a sequence {al, } >0 C
77 such that x&m € ajom for allm >0 and lim,, . 27™a;, = p; (j)bj] .

Proof. Let {am }m be as in Remark m and set a/,, = (2m~Lm/2] 4 5 D)a|, 2)- By
Theorem [2.29] we have

al _ oa,p2mlm/2i iy amelmi2 1 o gm—lm/2]
X = (X L /ZJ) J ag\_’m/?] g a2\_m/2j g Qagm .

The result follows once we note that

. —m . 2mf|_m/2J+]_1 —|m/2 1, ()
Jim 27, = lim =27 Ay ) = ()b

O

Lemma 5.8. Let k be an algebraically closed field and R = k[z1,...,x;]. Let q be
a homogeneous prime ideal of height j — 1 with x; ¢ q. If > denotes the reverse
lexicographic order, then for all m > 0 we have ins (q™) = (x1,...,2j-1)™.

Proof. Since k is algebraically closed, there exist linear forms fy,...,¢;1 € Ry
such that ¢ = (¢1,...,¢;—1). By |Eis95, Theorem 15.17|, q and in-(q) have the
same Hilbert series. Moreover, in- (q) is a monomial ideal not containing z;, so we

must have in> (q) = (z1,...,2;-1). For m > 1, we have the standard containment
(1,...,zj—1)™ = inx(q)™ C ins(q™). As (z1,...,2;-1)™ has the same Hilbert
series as q"", the result follows. g

Lemma 5.9. Let k be a field, R = k[z1,...,xj], and n = (x1,...,25). If I C R is
a homogeneous ideal, then

[Int]u = [[I]u—tR]u-

Proof. First, we verify the following: if f is homogeneous of degree u — t, then

[fn]ly = [fR]u. The containment C is clear. For D, if g is homogeneous and
gf € [fR]u, then g € n! so gf € [fnt],.

Now let f1,..., fr be homogeneous elements spanning [/],—¢, and let g1,...,gs be
homogeneous elements such that f1,..., fr, g1,...,gs generate I and deg(g;) > u—t.
By the first paragraph, we compute

T T

[0y = [(fr, - fo)n'u + [(g15 - 90T = Z[fznt]u = Z[fZ]u = [[Lu—t] R]u-

i=1 i=1

O

Lemma 5.10. Assume the setup of Lemmas and [5.74. Then for all 1 < j <mn,
we have p,(j) = d;(I).
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Proof. Set d; := d;(I). Before we begin the proof, we first state the additional gen-
erality conditions on 7. For all m > 0, assume that ins (7;(vI™)) = gin. (m;(yI™)).
Since ht m;(y[I]<q,~1R) < ht~y [I]<q,—1R) < j, there is some 1 < i < j such that

x; ¢ \/Wj(’}/[f]gdj_l)R; we choose vy such that z; ¢ \/Wj(’}/[f]gdj_lR). Each of these

conditions is satisfied by a general choice of 7y, so they may be realized simultaneously
by a very general choice of ~.

Set J = m;j(vI). Write J1 = [J]<4,~1R, and let J2 be the ideal generated by the
minimal homogeneous generators of J with degree at least d; so that J = J; + Jo
and Jo C m%. By construction of v, in the language of Lemma we have a;,, =

in> (J™). Also by construction, we have x; ¢ 4 /[J]<4,1, s0 we may choose a minimal
prime p over Ji such that z; ¢ p. As htp < j — 1, we may choose a homogeneous
prime ideal g O p such that htq = j — 1 and z; ¢ q. By Lemma we have
in(q") = (z1,...,2j-1)" for all m > 0.

By Lemma choose a sequence {a,, }m>0 such that x®m € agm for all m > 0
and lim,,_o 27 ™a,, = pj(j)béj). Let ey := am,1 + -+ + apj. For all m > 0, we
have

(35) T e, = Y. Stk
a+b=2"
a+bdj<em

E€m

We have shown that J; C q and Jy C m . By Equation and Lemma we
have

xam ¢ [J*"],. C Z g mbe _ Z [qambdj}

a+b=2" a+b=2™ em
a+bd;<em e a+bd;<em
s
a-+b=2™ em
a+bd;<em
— . |52
Taking initial terms of both sides, we have x®" € (z1,...,2;_1) 71, Conse-

quently, we have a,, 1 + -+ + @ j—1 > 2™ — kTmJ As limy, 00 27" (@m1 + -+ +

J

am,j—1) = 0, this yields

ozmmﬁrm@m—rfD:1_mmwmwzl_%m.
mree dj dj m—oo 2™ dj

From the above equation, we have p;(j) > d;. For the reverse containment, we have

by Lemma [3.3[ that m% C J. It follows from Theorem [2.29] that G o
j

for all m > 0, hence p;(j) < d;. O
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Lemma 5.11. Let R = k[x1,...,x,] and let m = (x1,...,2,). Let I C R be a
homogeneous ideal and J C m any ideal. Then we have

ﬂ[+ﬂ:f
t>0
Proof. By |[HS06, Corollary 6.8.5], we have
IR, C ﬂ IRy + JiRy C ﬂ IRy + miRy = [ Rpy.
t>0 t>0

By Proposition m (v), we have TRy = IRy,. The ideal T is homogeneous by
[HS06, Corollary 5.2.3], so IRy N R = I. We have the following, from which the
claim follows.

Tgr]ORVhW%ﬂR)gﬁﬂﬂR:f
t>0
0

We are now able to prove Theorem in the case that k is algebraically closed.

Proof. If ht(I) > 1+ 1, then ¢(I) > Ej+1(I) > Ej(I), so we must have ht(I) = . Let
0111, ..., L, be general linear forms and set L = V ({41, ...,4,). By Propositionm7
we have Ej(I) = Ei(I]r) < c(I|r) < ¢(I), so we again have Ej(I) = c¢(I|5). We'll
compute di(I|1),...,d;(I|r). Field extensions are faithfully flat, so ht([/]<¢|r) is
preserved under field extension, hence so are the quantities di(I|z),...,d;(I|r). We
may without loss of generality assume k is uncountable and algebraically closed.

Let v € GL, (k) be as in Lemmas and with respect to the ideal I|z, and

set ap, = ins (Y(I|2)™) = gin. ((I|2)™). As c(I|z) = Ey(I), by Corollary [.11] we
have

(36) Rgo\rmgzzamv(megnLﬂﬁ

0) 62(I\L)b(1) ei(Ir) b(l)>
Cei(Ilp) P T eafn) )

The quantities p,(1),...,pi(l) can be read off from Equation , so we have
aUlL) - — q:(1],) forall 1 < i < 1.

ej—1(IlL) —
For 1 < j < I, let f; be an element of [I]dj whose image mod ({;41,...,4,) is
general. As ht[I|]q;, > j, it follows that f1,..., fi, €11, ..,y is a regular sequence.

Let J = (fi,...,f1). By Lemma 3.8 we have E;(J) = Ei(I). For ¢t > 0, set
Jo=J 4 (..., 4,) and set Iy = I+ (€], q,...,L,). Since J; C I is a complete

rrn

intersection, Lemma 3.8 and Propositions and give
n—1
(37) EZ(J) + T = El(Jt) < El(It).
Combining Equation with Theorem and Proposition [2.10] (v) gives
n—I

n—I
E(J) + —— < Ei(ly) < ely) < e(l) + e((lprs-- 5 60)) = Bi(1) + ——.
In particular, we have Ej(I;) = Ei(J;) = c(J¢). Set

. di (1) di(I) .t t
D= (2] sz T g X))
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By Proposition there exists v € GL,, (k) such that v;.J; = D;. Consequently, as
D¢ C 1y and Ej(I;) = E/(D;), by Proposition we have ©; = 1.

Set ® = (xclll(l), . ,:U;ll(l)). Let d be the maximum degree of an irredundant
generator of ® or I. The k-vector space of forms of degree < d in R is finite-
dimensional, so the infinite descending chain [Di]<q 2 [D2]<q 2 ... — the limit

of which is [®]<4 by Lemma — must stabilize; there exists ¢y > 0 such that

[Dit]<d = [D]<q for all t > ty. Similarly, there exists t; > 0 such that [I]<4 = [I]<q
for all ¢ > t1. For t = max(ty,t2), we have

Villl<a = nllil<a = [Di]<a = [D]<a-
As 1, are generated in degree < d, it follows that 11 = D. U

5.2. Perfect fields. The following lemmas, together with the algebraically closed
case of Theorem allow us to generalize to the case of a perfect field.

Lemma 5.12. Let L be a field. For 1 < i <, let x; = 2;1,...,%iq; be a tuple
of variables over L. Set S = L[x1,...,Xp,Y1,...,Ys]. Let ep < --- < e, be positive
integers and set

D = (27, .., T0,)-
]f’V € GLa1+~~-+ar+s ﬁxes the ﬂag
(0 C spany (x1) C ... spang (x1,... ,xr)>,
then v© = 9.
Proof. Let we denote the monomial valuation with we(x; ;) = e% and we(y;) = 0.
Then © consists precisely of the elements f € S such that we(f) > 1. By the

assumption on 7, we have y(27;) € (x1,...,%;)%, hence we(yz;;) > 1. It follows
that

YO = (y2{'ys -, YT, ) C D=2.
By symmetry, we conclude that v = 9. Il
Lemma 5.13. Let k be a field and L/k a separable field extension. Set R =

klx1,...,zn) and S = Lz, ..., x,). Letdy,...,d; € Zt and set ® = (ac‘lh,...,x;il) C
R. Suppose that I C R is a homogeneous ideal and that there exists v, € GLy (L)
such that

(38) IS =DS.
Then there exists v, € GLy (k) such that
(39) wl=29.

Proof. By [HS06|, Propositions 19.1.1, 19.1.2 and Corollary 19.5.2|, we have I.S = IS,
so we may replace I by I and ignore the integral closure in Equations and .

Suppose that di,...,d; take the values eq,...,e, with multiplicities ay,...,a,
respectively and that e; < --- < e,. Re-index the variables x1,..., 2z, j41,...,2n
as Xi,...,Xp, Yi41s---,Yn Where x; = x;1,...,%;4,. For 1 < ¢ < r, let I; denote
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the ideal generated by [I]<.,. Since L/k is separable, the ring S/+/T;S is reduced,

so VIS = VI;S. As VIS = ;' (x1,...,%;), it follows that v/T; is generated by
ay + - - - + a; linear forms.

Let v € GL, (k) such that
w([VA], €< [VE], ) = (spamyixr) € -  spang(xas- 1)
as flags in span(xy,...,x,). By construction, 'yk'yL_l € GL, (L) fixes the flag

(spanL(Xl) C .- Cspany(xg,... ,Xr)).
By Lemma [5.12], we deduce that
WIS =y LIS = iy DS = DS.
By faithful flatness of R — S, we conclude
ol =(DSNR=(DS)NR=0D.

We now deduce Theorem (.11

Proof of Theorem[5.1 Set L =k and let S = L[z, ..., x,]. By Proposition (vi)
and Lemma we have ¢(IS) = ¢(I) = Ei(I) = Ej(IS). By Theorem in the
algebraically closed case, it follows that there exists v, € GLy(L),d1,...,d; € ZT
such that Equation holds. Because k is perfect, the extension L/k is separable,
so Lemmal/[5.13| implies that there exists 75 € GLy (k) such that Equation holds,
proving the theorem. O

To conclude this section, we note that the assumption on & cannot be weakened.

Example 5.14. Let k be a field of characteristic p > 0 and ¢ € k\kP. Let R = k[, ]
and set [ = (2P 4 tyP). Then ¢(I) = % = F1(I), but I is not generated by a power
of a linear form.

6. EXTENSIONS OF THEOREM B IN CHARACTERISTIC ZERO

One can ask whether Theorem [5.1] can be generalized to the local case. We
note that the answer is “no” in positive characteristic, and we pose a conjecture
generalizing Theorem [5.1] over the complex numbers.

Example 6.1. Let R = F,[z,y], and let I = (2P + y?™!) C R. Then E1(I) = % =

fpt(I), but I = I and there are no coordinates for R in which I is a monomial ideal.

For a complete description of when Ej(I) = ¢(I) in positive characteristic, see
[Bai26]. Whereas Theorem fails to generalize to the local case in char p > 0, we
are optimistic that a stronger result is possible in characteristic zero. Our conjecture
extends [BA24, Remark 3.7] to the case of arbitrary codimension.
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Conjecture 6.2. Let R = C[z1,...,x,]. Let I C R be an ideal withht(I) > 1. Then
let(I) = Ey(I) if and only if there exists a reqular system of parameters yi,...,yn

for R and positive integers dy,...,d; such that I = (yfl, ... ,yﬁl).

We note that Conjecture[6.2] if proven, would be strong enough to give an alternate
proof of Theorem [5.1] over C.

Proof. Let R = Clxy,...,zy]. Let I be a homogeneous ideal with ht(I) > [ and
E|(I) =lct(I). Set S = C[z1,...,x,]. Notation [2.9] and Definition imply that
Ei(1S) = Ei(I) and 1ct(1S) = let(I), so by Conjecture there exists a regular

system of parameters y1,...,y, for S such that IS = (yfl, e yldl).

Write each y; as a power series in x1, ..., x, and let 21, ..., 2, be the homogeneous
degree-1 terms of y1,...,yn. Asy; = 2z; mod m?, the forms z1,..., 2, in R generate
the homogeneous maximal ideal of R.

As I is homogeneous, so is I, hence I = ISNR. In particular, we have zfl, . ,zldl €

I. By considering the homogeneous ideals I + (z/,,,...,24) for t > 0 (which evi-
dently satisfy E,, = Ict) and running an argument similar to Theorem we deduce
thatT:(zfl,...,zld’). O

We propose a stronger conjecture in terms of valuations. Let R = Clx1,...,x,].
Let v : R — [0, 00] be a valuation and let Ar(v) be the log discrepancy as in |[JM12].

For each positive integer n, define a,(v) = {f € R : v(f) > n. By [JM12, Corollary
6.9] and |Blul8, Lemma 3.5], we have

(40) let(aa(v)) < Ap(v)

If v is centered on a prime ideal p of height at least [, then for m > 0 we have
vV am(v) = p and so ht(a,,(v)) > I. Consequently, we have Ej(ae(v)) < Ar(v).

Conjecture 6.3. Let R,v,a,(v) be as above and assume v is centered on a prime
ideal of height at least l. If Ej(ae(v)) = Ar(v) then v is a monomial valuation.

We conclude this article by demonstrating that Conjecture [6.3] implies Conjec-
ture [6.2] First, a few preparatory results.

Definition 6.4. Let (R, m) be a Noetherian local ring and I C R an ideal. The
fiber cone of [ is the ring
In
]:I - @ mIn’

n>0

The analytic spread of I, denoted ¢([), is the dimension of F7.

Theorem 6.5 ([HS06|, Theorem 8.3.7). Let (R, m) be a Noetherian local ring such
that R/m is infinite. If I C R is a proper ideal, then ((I) is equal to the least number
of generators of an ideal J C I such that [ = J.

Lemma 6.6. Let (R,m) be a regular local ring of dimension n. Let 1 <1 <n and
let I C J be ideals of height l. If oy(I) = o(J) and the analytic spread of J is equal
tol, then I =J.
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Proof. Replacing R with R[X ]mR[X} changes neither the hypotheses nor the con-
clusion by [HS06, Lemma 8.4.2]; we may without loss of generality assume that
R/m is infinite. By Proposition m (i) and (iii), choose fi,..., fi € I such that,
with I’ = (f1,..., f1), we have o;(I) = oy(I'). Moreover, by Theorem we have
o1y =1.

Let co(I),...,cn(I) denote the multiplicity sequence of Achilles and Manaresi
[AM97, Definition 2.2]. By [AMP19, Corollaries 2.6 and 2.7], for K € {I', J} we
have ¢,,—;(K) = o;(K). Moreover, by |[AM97, Proposition 2.3 (i)|] we have ¢;(K) =0
for i #n —d, so I', J have the same multiplicity sequence. It follows from [Pol+20,
Theorem 4.2] that I’ = J, which implies the claim. (|

Proposition 6.7. If Conjecture holds in dimension n and codimension [, then
Congecture holds in dimension n and codimension [.

Proof. Let I C R be an ideal of height at least [ such that Ej(I) = lct(I). B
Definition-Proposition choose a divisorial valuation v : R — [0, 00| such that
let(I) = 1??})1) Letting w = ﬁ, we have w(I) = 1 and Ar(w) = lct(I). As
w(l) =1, we have I" C a,(w) for all n > 0, so ht(w) > [ and Ej(as(w)) > Ej(I).

It follows from Theorem and eq. that
(41) let(1) = Ei(I) < Ej(ae(w)) < lct(ae(w)) < Ar(w) = let(1),

so in particular Fj(ae(w)) = Ar(w). By Conjecture w is a monomial valuation
in some local coordinates zi,...,z, for R with w(z1) > w(z2) > -+ > w(zy,).
Since 0j(I) < oj(as(w)) for 1 < j < | and Ej(I) = Ej(as(w)), we conclude
o;j(I) = oj(as(w)) by |[BAL7, Proposition 10]. We can read off the invariants
o1(ae(w)),...,01(ae(w)) from the weights w(z;). In particular, we have o;(as(w)) =
m, hence w(zj) = Ug(ll()[) for all 1 < j < I. Moreover, by definition of the
log discrepancy for quasi-monomial valuations we have Ag(w) = w(z1)+- - - +w(zy),
so we must have w(zi41) = -+ = w(z,) = 0.

By construction, I C a;(w). If the numbers w(lzl), ce ﬁ are not all integers,

w(z;
then I'(a; (w)) € I'(ae(w)) — but this would imply
let (1) < let(ag(w)) < let(ae(w)),
which is impossible by Equation 1' Write d; = w(z)

in the situation where I C (2%, .. d) =:® and E;(I) = Ei(D). Since D is the
integral closure of an ideal generated by [ elements, we have /(D) = [. By Lemma
we deduce that I = D. O

for 1 <17 <. We are now

The following argument is well-known to experts.
Proposition 6.8. Conjecture[6.3 holds in codimension | = 1.

Proof. If v is centered on a prime ideal of height 2 or more, then ht(ae(v)) > 2
and hence Ar(v) > lct(aqe(v)) > Ea2(v) > Ej(v). Consequently, in order to have
Ei(v) = Agr(v), it must be the case that v is centered on a principal prime ideal
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[R, hence v = cordy for some irreducible f € R and some ¢ € RT. We deduce that
E1(f) =lct(f), hence f is a power of a local coordinate by |[GZ15|. O

Proposition 6.9. Conjecture [6.5 holds in dimension 2.

Proof. By Proposition it remains to consider the case [ = 2. Suppose Fy(v) =
Ag(v). Without loss of generality, normalize v so that v(m) = 1. Let a(v) =
SUP fep v(f)/ ordm(f) denote the skewness of a as in |[FFJ04]. By [BFJ14, Remark 4.9],
we have e1(ae(v)) = e2(ae(v)) = a(lv), so Es(v) = 1+ a(v). By [FJ04, Proposition
3.48 (i)], we have 1 + a(v) < Ag(v) with equality if and only if v is a monomial
valuation, proving the claim. O
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