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Abstract. Let (On,m) denote the ring of germs of holomorphic functions Cn →
C, and let I ⊆ On be an m-primary ideal. Demailly and Pham showed that
lct(I) ≥ 1

e1(I)
+· · ·+ en−1(I)

en(I)
, where ej(I) is the mixed multiplicity e(I, . . . , I,m, . . . ,m),

with I repeated j times and m repeated n− j times.
We generalize the lower bound to the case of an arbitrary ideal of an excel-

lent regular local (or standard-graded) ring of equal characteristic, with lct(I)
replaced by the F -threshold cm(I) in positive characteristic. Our main result is
a classification of homogeneous ideals in polynomial rings for which the lower
bound is attained, resolving a conjecture of Bivià-Ausina in the graded case.

1. Introduction

Let X be a smooth variety, Y ⊆ X a proper closed subscheme, and y ∈ Y a point.
We study numerical invariants measuring the singularities of the pair (X,Y ) at the
point y: in characteristic zero, we consider the log canonical threshold; in positive
characteristic, we consider the F -pure threshold.

The log canonical threshold (lct) has attracted considerable attention in algebraic
geometry due to its connections with the Minimal Model Program and singularity
theory. The F -pure threshold (fpt) is an analog of the lct in positive character-
istic, related via reduction to characteristic p ≫ 0 [HT04]. The fpt has provided
insights into positive characteristic geometry [BS15; Kad+22; PRS24] and reduction
modulo p has been leveraged to better understand singularities in characteristic zero
[Ben+15; Tak04; Tak06].

In recent years, many authors have found lower bounds on the lct (and fpt)
in terms of more classical invariants of the embedding [EM21; FEM03; FEM04;
Kad+22; Kim21; Mus02; TW04]. The first of these bounds is due to Skoda [Sko72],
who showed that

(1)
1

multy(Y )
≤ lcty(X,Y ).

The case of equality in Equation (1) has long been known to experts: 1
multy(Y ) =

lcty(X,Y ) if and only if Y is a smooth divisor at y. Skoda’s original formulation of
Equation (1) concerned germs of plurisubharmonic functions, and the equality case
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in the analytic formulation was settled by Guan and Zhou [GZ15]. We consider the
equality case in a generalization of Skoda’s lower bound.

Let I denote the defining ideal of Y in OX,y and n = dimOX,y. In the case that
OX,y/I is zero-dimensional, Demailly and Pham [DP14] strengthened Equation (1)
by incorporating higher-codimension information about the embedding, namely the
mixed multiplicities ej(I) := e(I, . . . , I,my, . . . ,my); see Definition 2.32. We have

(2)
1

e1(I)
+

e1(I)

e2(I)
+ · · ·+ en−1(I)

en(I)
≤ lcty(X,Y ).

Moving beyond the case considered by Demailly and Pham, we relax the as-
sumption that OX,y/I is zero-dimensional. We recall Rashkovskii’s definition of
the invariant El(I) for any l ≤ ht(I). As in [Ras15, Theorem 1.4], we may let
L = V (hl+1, . . . , hn) denote the vanishing locus of n − l general linear forms in
OX,y and let I|L denote the expansion of I to the ring OL,y. As OL,y/I|L is zero-
dimensional, we apply Equation (2) and [Laz04, Example 9.5.4] to I|L. This yields

(3)
1

e1(I|L)
+ · · ·+ el−1(I|L)

el(I|L)
≤ lct(I|L) ≤ lct(I).

We then define

El(I) :=
1

e1(I|L)
+ · · ·+ el−1(I|L)

el(I|L)
,

which is well-defined for sufficiently general L by Proposition 2.37. The content of
Equation (3) is that El(I) ≤ lct(I).

More generally, if (R,m) is an arbitrary regular local ring and I ⊆ R with ht(I) ≥
l, we define El(I) similarly — in particular, when R/m is infinite, we let L denote
the vanishing set of n− l elements of m whose images in m/m2 are sufficiently general
and set El(I) := El(I|L). See Definition 2.38 for a precise definition.

Our first contribution is a generalization of Equation (3) to arbitrary characteris-
tic.

Theorem A (Theorem 3.9). Let (R,m) be a regular local ring or a polynomial ring
over a perfect field considered with the standard grading. When char R = 0, assume
that R is excellent. Let I ⊆ R be an ideal of height at least l, which is assumed to be
either homogeneous or m-primary when R is a polynomial ring. Let c(I) denote the
lct (resp. fpt) of I. Then El(I) ≤ c(I).

In contrast to Skoda’s bound, little is known about the case of equality in Equa-
tion (2). The best result in this direction is due to Bivià-Ausina [BA17], who classi-
fied cases of equality under the additional assumption that lct(I) = lct(I0), where I0

is the smallest monomial ideal containing I. Our main result is coordinate-agnostic
and resolves the conjecture of [BA24, Remark 3.7] in the graded case.

Theorem B (Theorem 5.1). Let k be a perfect field of characteristic zero (resp
p > 0). Let R = k[x1, . . . , xn] and let I ⊆ R be a homogeneous ideal of height at
least l. If El(I) = lct(I) (resp. El(I) = fpt(I)), then there exist integers d1, . . . , dl
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such that, in suitable coordinates, we have

I =
(
xd11 , . . . , xdll

)
.

We briefly outline the proof of Theorem 5.1, which reduces to the case that k = k
and l = n. Assume En(I) = c(I). Write I = I1 + · · ·+ Ir, where Ij is generated by
dj-forms and d1 < · · · < dr.

(1) Using techniques from [BA17; May14], we control the generic initial ideals
{gin(In)}n≥1.

(2) Using (1), we obtain a formula for the numbers ej(I) in terms of the dj and
the heights of the ideals I1 + · · ·+ Ij .

(3) Our formula for the ej(I) implies that En(I) = B(I), where B(I) is defined
in terms of mixed Łojasiewicz exponents as in [BA24]. This allows us to
reduce to the case of a homogeneous complete intersection.

(4) We prove the complete intersection case (Proposition 4.30) by induction on
the number of distinct degrees d1, . . . , dr.

In the case r = 1, any m-primary ideal I generated by d-forms automatically satisfies
I = md, so there is no way to use r = 1 as a useful base case for our induction.
Instead, we use r = 2. In this case, we show (Lemma 4.8) that c(I) = En(I) if and
only if c(I1) = ht(I1)/d1. As I = I1 +md2 , Theorem B is equivalent in this case
to the claim that I1 = (x1, . . . , xht(I1))

d1 in suitable coordinates. In characteristic
zero, this follows from [FEM03, Theorem 3.5]. In positive characteristic, this fact is
[Bai25, Theorem 3.17].

By Example 5.14, the assumption that k is perfect cannot be weakened. The
other main assumption in Theorem 5.1 is that R is graded and I is homogeneous,
the relaxation of which is a subtler question. In characteristic zero, we conjecture
that Theorem 5.1 holds in the local case up to an analytic change of coordinates;
see Conjecture 6.2 for the precise statement and Conjecture 6.3 for an even stronger
statement in terms of valuations. We verify both conjectures in dimension 2. In con-
trast, in characteristic p > 0, Example 6.1 shows that analytic changes of coordinates
do not suffice to characterize when c(I) = El(I).

We also remark on two (a priori) possible improvements to Theorems A and B.
The first is regarding [Hie25, Theorem 1.2], which defines for each 1 ≤ k ≤ n an
invariant Hk(I) satisfying Ek(I) ≤ Hk(I) ≤ lct(I) for all ideals I ⊆ On of height
at least k. It would be interesting to see whether the bound Hk(I) ≤ c(I) remains
true in positive characteristic, and moreover whether there exist ideals for which
Ek(I) < Hk(I) = c(I).

The second remark concerns [Kim21, Question 1.3], which conveys a conjecture
of Hoang Hiep Pham that (implies) c(I)− c(I|H) ≥ en−1(I)

en(I)
for every height-n ideal

I ⊆ On and every hyperplane H through 0 ∈ Cn. Tommaso de Fernex shared a
counterexample to this conjecture with the author, which we record in Example 3.13.
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2. Preliminaries

Assumption 2.1. Throughout this article, all rings are commutative, Noetherian,
and unital. All polynomial rings are considered with the standard grading.

2.1. F -Pure and Log Canonical Thresholds. We begin with a formal definition
of the lct. For a detailed introduction, see [Mus12].

Definition 2.2 (Log Resolution). Let X be a smooth variety and Y ⊆ X a proper
closed subvariety with defining ideal a. Let W be a smooth variety. A projective
morphism π : W → X is a log resolution of (X,Y ) if π is an isomorphism over
X \ Y and the inverse image a · OW is the ideal of a Cartier divisor D such that
D +KW/X has simple normal crossings.

Definition-Proposition 2.3 (Log canonical threshold, [Mus12] Theorem 1.1). Let
X be a smooth variety over a characteristic zero field and Y ⊆ X a closed subvariety
with defining ideal a. By Hironaka’s theorem on resolution of singularities, there
exists a log resolution π : W → X of the pair (X,Y ). In particular, there exists a
simple normal crossings divisor E1 + · · ·+ EN such that

D =

N∑
i=1

aiEi and KW/X =

N∑
i=1

kiEi.

For y ∈ Y , the quantity mini:y∈π(Ei)
ki+1
ai

does not depend on the log resolution π

and is denoted lcty(X,Y ), the log canonical threshold of (X,Y ) at y. If a point
y is not specified, we define

lct(X,Y ) = min
y∈Y

lcty(X,Y ) = min
i

ki + 1

ai
.

We make the convention that lcty(X,Y ) = ∞ when y /∈ Y . Additionally, when
k is a characteristic zero field, R = k[x1, . . . , xn], and I ⊆ R is an ideal, we set
lct(R, I) := lct(An, V (I)) and lct0(R, I) := lct0(An, V (I)).

In fact, one can define the log canonical threshold of (X,Y ) whenever X is an
integral excellent scheme; see [FM09, §2].

For background on the F -pure threshold, we direct the reader to [TW04]. In this
subsection, we summarize several key definitions and results.

Definition 2.4. Let R be a ring of characteristic p > 0. We let F∗R denote the
R-module structure on R given by restriction of scalars along the Frobenius map
F : R → R. We say R is F -finite if F∗R is module-finite over R.
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Definition 2.5 ([TW04]). Let R be an F -finite ring, I ⊆ R an ideal, and t ∈ R≥0.
The pair (R, It) is F -split if for e ≫ 0, the map

I⌊t(p
e−1)⌋ ·Hom(F e

∗R,R) → R

is surjective. The F -pure threshold of the pair (R, I) is the supremum of all t such
that (R, It) is F -split. We denote this quantity by fpt(R, I), or fpt(I) when the
ambient ring is clear.

Let k be an F -finite field of characteristic p > 0, R = k[x1, . . . , xn], and I ⊆ R.
Let m := (x1, . . . , xn) denote the homogeneous maximal ideal of R. We then let
fpt0(I) denote the quantity fpt(Rm, IRm).

In practice, we do not use the above definitions. Instead, we use the characteri-
zation of the F -pure threshold as the F -threshold at the maximal ideal and the lct
as a limit of fpt.

Definition 2.6. Let R be a ring of characteristic p > 0. Let a, J be ideals of R such
that a ⊆

√
J . For each nonnegative integer e, we define

νJa (p
e) := max{t ∈ Z+ : at ̸⊆ J [pe]}.

By [DSBP18], the sequence
νJa (p

e)

pe
has a limit as e → ∞; we denote this limit by

cJ(a) and refer to it as the F -threshold of a at J .

Proposition 2.7. Let (R,m) be an F -finite regular local ring. Then the F -pure
threshold of the pair (R, I) is equal to cm(I). If instead R is a polynomial ring over
an F -finite field and I ⊆ R is a homogeneous ideal, then the same holds when we let
m denote the homogeneous maximal ideal of R.

Proof. The local case is [MTW05, Remark 1.5] and the graded case is [DSB18,
Proposition 3.10]. □

Proposition 2.8 ([HY03], Theorem 6.8). Let A be a finite-type Z-algebra and a ⊆
A[x1, . . . , xn] an ideal. Set k = Frac(A). Then we have

lct(a⊗A k) = lim
µ∈maxSpecA,|A/µ|→∞

fpt(A/µ[x1, . . . , xn], a⊗A A/µ).

Many of our results make sense for both fpt and lct, so we introduce the following
notation to avoid stating the same results once each for characteristic zero and
positive characteristic.

Notation 2.9. Let k be a field, R = k[x1, . . . , xn],m = (x1, . . . , xn), and I ⊆ R an
ideal. We define the quantity c(R, I) as follows:

c(R, I) =

{
cm(I) char R = p > 0

lct0(R, I) char R = 0.

Similarly, let (R,m) be a regular local ring and I ⊆ R an ideal. We define

c(R, I) =

{
cm(I) char R = p > 0

lct(R, I) char R = 0 and R is excellent.
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If the ambient ring is clear, we will use c(I) as shorthand.

Proposition 2.10 (Properties of the singularity threshold). Assume either setting
of Notation 2.9, and let I, J be nonzero ideals of R. The following properties hold
for c(−):

(i) If I ⊆ J , then c(I) ≤ c(J).
(ii) For all m > 0, we have c(Im) = m−1c(I).
(iii) We have c(I) = c(I), where I denotes the integral closure of I.
(iv) If J ⊆ R is an ideal such that R/J is regular, then

c(R, I) ≥ c(R/J, (I + J)/J).

(v) We have c(I + J) ≤ c(I) + c(J).
(vi) Suppose R ⊆ S is a ring extension. If char R = 0, assume S is excellent. In

both of the following cases, c(I) = c(IS).
• (R,m) and (S, n) are local and mS = n;
• R = k[x1, . . . , xn], L/k is a field extension, and S = L[x1, . . . , xn].

Proof. First, we verify (i)-(v). For characteristic zero, see [Mus12, Properties 1.12,
1.13, 1.15, 1.17, 1.20]. For characteristic p > 0, see [TW04, Proposition 2.2 (1), (2),
(6), Proposition 4.4].

For (vi), note that both cases are regular and faithfully flat extensions. In char-
acteristic zero, see [JM12, Proposition 1.9]. In characteristic p > 0, see [Hun+08,
Proposition 2.2 (v)]. □

2.2. Monomial Ideals.

Notation 2.11. For a vector of ring elements f = f1, . . . , fr and a vector of non-
negative integers a = a1, . . . , ar, we let fa denote the element fa1

1 . . . far
r . A boldface,

lowercase letter always refers to a vector of integers or ring elements.

Definition 2.12. Let k be a field and let R = k[x1, . . . , xn]. For a tuple x =
xi1 , . . . , xir with 1 ≤ i1 < · · · < ir ≤ n, we let Mon(x) denote the monoid of
monomials in the variables x. In particular, Mon(x1, . . . , xn) denotes the set of all
monomials in R.

When working with monomial ideals, one often identifies a monomial xa11 · · ·xann
with the point (a1, . . . , an) ∈ Zn

≥0. For future reference, it will help to give a name
to this identification.

Definition 2.13. Let k be a field. We define the map

log : Mon(xi1 , . . . , xir) → Zr
≥0, log(xa1i1 · · ·xarir ) = (a1, . . . , ar).

Definition 2.14. Let a ⊆ k[x1, . . . , xn] be a monomial ideal. Then the Newton
Polytope of a, denoted Γ(a), is the convex hull in Rn

≥0 of log(a). We let conv(−)
denote the convex hull of a set.

Remark 2.15. We record several properties of Γ(a).
(i) Γ(a) is a closed, convex, unbounded subset of the first orthant of Rn.
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xy4

y6

x2y3

x3y2
x5y
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Γ(a)

µ1

2.5

2.5

Figure 1. Computation of µ for Example 2.17

(ii) When a is an m-primary ideal, the closure of the complement of Γ(a) inside
the first orthant is an open, bounded polyhedron.

(iii) For two ideals a, b, the Minkowski sum of Γ(a) and Γ(b) is equal to Γ(ab).
In particular, Γ(an) = nΓ(a).

The following proposition shows that Newton polytope of a monomial ideal de-
termines the singularity threshold.

Proposition 2.16. Let a ⊆ k[x1, . . . , xn] be a monomial ideal. Then

c(a) =
1

µ
, where µ = inf{t : t1 ∈ Γ(a)}.

Proof. See [How01], Example 5 for characteristic zero and [Her16], Proposition 36
for positive characteristic. □

Example 2.17. Let R = k[x, y] and set a = (x6, x5y, x3y2, x2y3, xy4, y6). In Fig-
ure 1 we compute µ = 2.5, so c(a) = 0.4.

Following the proof of [FEM04], Theorem 1.4 and the terminology of [May14], we
also define the limiting polytope of a graded system of monomial ideals.

Definition 2.18. Let a• be a graded system of monomial ideals in k[x1, . . . , xn] —
that is, suppose aras ⊆ ar+s for all r, s ∈ Z+. We define Γ(a•) as the closure in Rn

of the ascending union { 1
2mΓ(a2m)}m>0.

Remark 2.19. The set
⋃

m
1
2mΓ(a2m) in Definition 2.18 coincides with

⋃
m

1
mΓ(am)

in the settings we consider (where am ⊇ am+1), but we find it easier to work with
an ascending union than a filtered union.

We fix our conventions for working with monomial orders and initial terms in
polynomial rings. For further background, see [Eis95, Chapter 15].
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Definition 2.20. Let k be a field and let R = k[x1, . . . , xn]. A monomial order >
on R is a partial order on Mon(x1, . . . , xn) compatible with the divisibility relations:
that is, for monomials xa,xb,xc, if xa > xb then xa+c > xb+c.

For an element f ∈ R, write f =
∑

a∈Zn
≥0

βax
a where βa ∈ k. The support of f ,

denoted supp(f), is the set {xa : βa ̸= 0}. The initial term of f with respect to >,
denoted in>(f), is given by ∑

a:xa∈supp(f)
xa maximal with respect to >

βax
a.

For an ideal I ⊆ R, the initial ideal in>(I) is the ideal generated by the elements
{in>(f) : f ∈ I}.

Valuations provide an important source of monomial orders.

Definition 2.21. Assume the setting of Definition 2.20. A monomial valuation is a
map of monoids v : (Mon(x1, . . . , xn), ·) → (R,+). To describe a monomial valuation
v, it suffices to give the values v(x1), . . . , v(xn). We can then describe a monomial
order >v on R by

xa >v xb if and only if v(xa) > v(xb)

When v(xi) ≥ 0 for all i, we can extend v to an R-valuation on R: we define
v : R → [0,∞] by

v(f) = min
xa∈supp(f)

v(xa).

A crucial property of initial ideals is semicontinuity with respect to the singularity
threshold.

Proposition 2.22. Let R = k[x1, . . . , xn],m = (x1, . . . , xn) and let > be a monomial
order. If I ⊆ R is an ideal, then c(in>(I)) ≤ c(I).

Proof. For characteristic zero, see [DK01] for the semicontinuity of the lct. For
positive characteristic, see the claim preceding [TW04, Remark 4.6]. □

When I is homogeneous, k is infinite, and > is a total order compatible with the
partial order by degree, there is a well-defined notion of the initial ideal in “generic
coordinates.”

Definition-Proposition 2.23 ([Eis95], Theorem 15.18). Let k be an infinite field,
R = k[x1, . . . , xn], and I ⊆ R a homogeneous ideal. Suppose that > is a monomial
total order on R such that x1 > · · · > xn and xa > xb whenever deg(xa) > deg(xb).
Then there exists a nonempty open subset U ⊆ GLn(k) and a monomial ideal J
such that:

• For all γ ∈ U , we have in>(γI) = J ;
• U is Borel-fixed : if B ⊆ GLn(k) denotes the subgroup of lower triangular

matrices, then BU = U .
The ideal J is called the generic initial ideal of I with respect to >, and is denoted
gin>(I).
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2.3. Integral Closure of Ideals.

Definition 2.24. Let I be an ideal in a ring R. An element r ∈ R is integral over
I if there exists an integer n and elements a1, . . . , an, ai ∈ Ii such that

rn + a1r
n−1 + · · ·+ an = 0.

We then define the integral closure I of I as the set of elements r ∈ R which are
integral over I.

Definition-Proposition 2.25 ([HS06], Corollary 1.2.5). Let J ⊆ I be ideals in
ring R. We say J is a reduction of I if either of the following equivalent conditions
holds:

(i) There exists a positive integer n such that InJ = In+1.
(ii) We have I ⊆ J ;
(iii) We have I = J .

Those hoping for an exhaustive discussion of the integral closure of ideals should
consult [HS06]. For now, we list some basic properties of I.

Proposition 2.26 (Properties of the Integral Closure, [HS06] Chapter 1). Let R be
a ring and I ⊆ R an ideal. Let φ : R → S. Then we have

(i): I is an ideal.
(ii): (I) = I.
(iii): IS ⊆ IS.
(iv): If J ⊆ S is an ideal, then φ−1(J) = φ−1(J).
(v): For any multiplicatively closed subset W ⊆ R, we have W−1I = W−1I.
(vi): The integral closure of a monomial ideal a in a polynomial ring k[x1, . . . , xn]

is generated by the set xa : a ∈ Γ(a).
(vii): If φ is faithfully flat or an integral extension, then IS ∩R = I.

Integral closure is an operation which respects many numerical invariants we are
interested in this paper.

Theorem 2.27 ([HS06], Proposition 11.2.1, Theorem 11.3.1). Let (R,m) be a for-
mally equidimensional local ring and I ⊆ J two m-primary ideals. Then e(I) = e(J)
if and only if I = J .

The same result holds in the case that (R,m) is instead standard-graded.

Proposition 2.28. Let I ⊆ k[x1, . . . , xn] be an ideal. Then c(I) = c(I).

Proof. For characteristic zero, see [Mus12], Property 1.15. For positive characteristic,
see [TW04], Proposition 2.2 (6). □

To conclude this subsection, we recall a version of the Briançon-Skoda theorem,
due to Lipman and Sathaye in the level of generality we need.

Theorem 2.29. Let (R,m) be a regular local ring of dimension d and I ⊆ R an
ideal. Then for all integers t > 0, we have

I
t+d ⊆ It+d ⊆ It+1.
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Proof. The first containment is [HS06, Proposition 5.3.1]. For the second, we reduce
to the case of an infinite residue field; we let R(X) := R[X]mR[X] as in op. cit.
By Proposition 2.26 we have I = IR(X) ∩ R, so it suffices to prove the claim for
R = R(X).

By [HS06, Proposition 5.1.6 and Theorem 8.6.6] there exists an ideal J ⊆ I with
J t = It for all t > 0 and such that J can be generated by at most d elements. By
[LS81, Theorem 1”] we deduce

It+d = J t+d ⊆ J t+1 ⊆ It+1.

□

2.4. Mixed Multiplicities and the Demailly-Pham Invariant. We recall the
definition of the mixed multiplicity symbol e(I1, . . . , Id;M).

Definition 2.30. Let M be a finite-length R-module. We let λR(M) denote the
length of M as an R-module.

Theorem 2.31 ([HS06], Theorem 17.4.2). Let (R,m) be a Noetherian local ring,
I1, . . . , Ik ideals of R primary to m, and M a finitely-generated R-module. Then
there exists a polynomial P (n1, . . . , nk) with rational coefficients and total degree at
most dimR such that for all n1, . . . , nk ≫ 0, we have

(4) P (n1, . . . , nk) = λR

(
M

In1
1 . . . Ink

k M

)
.

Definition 2.32 (Mixed Multiplicity). Let (R,m) be a Noetherian local ring of
dimension d. Let I1, . . . , Ik be m-primary ideals of R and let P (n1, . . . , nk) be as
in Equation (4). Write Q(n1, . . . , nk) for the degree-d part of P (n1, . . . , nk). The
coefficients of Q define the mixed multiplicities e(I

⟨d1⟩
1 , . . . , I

⟨dk⟩
k ;M):

(5) Q(n1, . . . , nk) =
∑

d1+···+dk=d

(
d

d1, . . . , dk

)−1

e(I
⟨d1⟩
1 , . . . , I

⟨dk⟩
k ;M)

The expression e(I
⟨d1⟩
1 , . . . , I

⟨dk⟩
k ;M) is shorthand for the expression

e(I1, . . . , I1, . . . , Ik, . . . , Id;M),

where Ij is repeated dj times.

Remark 2.33. Other authors [HS06] have used the notation e(I
[d1]
1 , . . . , I

[dk]
k ;M).

To avoid confusion with the Frobenius powers I
[pe]
j of the ideals Ij , we use angle

brackets in the exponent.

We now define the mixed multiplicities ej(I).

Definition 2.34. Let (R,m) be a Noetherian local ring of dimension d and let I
denote an m-primary ideal. We define

ej(I) = e(I⟨j⟩,m⟨d−j⟩;R).

We record a few basic properties of the numbers ej(I).
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Proposition 2.35. Let (R,m) be a regular local ring of dimension n with infinite
residue field. Let I ⊆ R be an m-primary ideal.

(i) We have e0(I) = 1, e1(I) = ordm(I), and en(I) = e(I).
(ii) If h1, . . . , hn are elements of m whose images in m/m2 are sufficiently general,

then for all 0 ≤ j ≤ n we have

ej(I) = e

(
I + (h1, . . . , hn−j)

(h1, . . . , hn−j)

)
= e (I + (h1, . . . , hn−j)) ,

where e(−) denotes the usual Hilbert-Samuel multiplicity.
(iii) Minkowski inequality: for j ≥ 1, we have ej(I)

2 ≤ ej−1(I)ej+1(I).

Proof.
(i) Follows from (ii).
(ii) The first equality is [HS06, Corollary 17.4.7]; the second is [HS06, Proposition

11.1.19].
(iii) Follows from [HS06, Theorem 17.7.2].

□

To state Theorem 3.9, we must extend Definition 2.32 to the case of an ideal I ⊆ R
which is not necessarily m-primary.

Definition 2.36 ([BA08], Definition 2.4). Let (R,m) be an n-dimensional local ring
and I1, . . . , In ideals of R. We define

(6) σ(I1, . . . , In) = sup
t>0

e(I1 +mt, . . . , In +mt).

As a special case, for 1 ≤ j ≤ n and I ⊆ R, we define σj(I) := σ(I⟨j⟩,m⟨n−j⟩) as in
Definition 2.34.

The quantity (6) may be infinite. The following proposition summarizes basic
properties of σ(I1, . . . , In), among which is a characterization of when the quantity
(6) is finite.

Proposition 2.37 ([BA08]). Let (R,m) be an n-dimensional regular local ring and
I1, . . . , In ideals of R.

(i) If I1, . . . , In have height n, then σ(I1, . . . , In) = e(I1, . . . , In).
(ii) We have σ(I1, . . . , In) < ∞ if and only if there exist g1 ∈ I1, . . . , gn ∈ In such

that (g1, . . . , gn) is m-primary. In this case, σ(I1, . . . , In) = e(g1, . . . , gn) for
elements gi ∈ Ii whose images in Ii/mIi are sufficiently general.

(iii) In particular, for an ideal I ⊆ R, we have σj(I) < ∞ if and only if ht(I) ≥ j.
In this case, if h1, . . . , hn−j ∈ m are elements whose images in m/m2 are
sufficiently general, we have

(7) σj(I) = e

(
I + (h1, . . . , hn−j)

(h1, . . . , hn−j)

)
= e (I + (h1, . . . , hn−j)) .

(iv) The Minkowski inequalities hold: if σj−1(I), σj(I) are finite then σj(I)
2 ≤

σj−1(I)σj+1(I).
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Proof.
(i) For t ≫ 0, we have mt ⊆ Ii for all 1 ≤ i ≤ n. See the remark after Definition

2.4 in op. cit.
(ii) This is Proposition 2.4 in op. cit.
(iii) When j ≤ ht I, use prime avoidance to choose g1, . . . , gj ∈ I such that

ht((g1, . . . , gj)) = j and gj+1, . . . , gn ∈ m such that ht((g1, . . . , gn)) = n.
When j ≥ ht(I) + 1, for any g1, . . . , gj ∈ I, gj+1, . . . , gn ∈ m we have

ht((g1, . . . , gn)) ≤ ht(I + (gj+1, . . . , gn)) ≤ ht(I) + n− j ≤ n− 1.

To see that the first equality in Equation (7) holds, pick t ≫ 0 such that
σj(I) = ej(I + mt). Use (ii) to pick g1, . . . , gj ∈ I, h1, . . . , hn−j ∈ m gener-
ally such that σj(I) = e((g1, . . . , gj , h1, . . . , hn−j)). Use Proposition 2.35(ii)
to pick the h1, . . . , hn−j even more generally so that ej(I + mt) = e(I +
mt + (h1, . . . , hn−j)). Using monotonicity of Hilbert-Samuel multiplicity, we
compute

σj(I) = ej(I +mt) = e(I +mt + (h1, . . . , hn−j)) ≤ e(I + (h1, . . . , hn−j))

≤ e(g1, . . . , gj , h1, . . . , hn−j) = σj(I).

(iv) Follows immediately from Proposition 2.35 (iii).
□

We will now define the Demailly-Pham invariant [DP14].

Definition 2.38. Let (R,m) be a regular local ring, l ∈ Z+, and I an ideal with
ht(I) ≥ l. Then we set

El(I) :=
1

σ1(I)
+ · · ·+ σl−1(I)

σl(I)
.

Suppose instead R = k[x1, . . . , xn] and m = (x1, . . . , xn). Let I ⊆ R be an
m-primary ideal. For all r, s > 0, we have

λR

(
R

Irms

)
= λRm

(
Rm

IrmsRm

)
,

so Theorem 2.31 holds for λR

(
R

Irms

)
without assuming that R is local. In particular,

for 0 ≤ j ≤ n, the numbers e(I⟨j⟩,m⟨n−j⟩) can be defined intrinsically from the
polynomial P (r, s) and agree with the quantities ej(IRm). Additionally, in this
setting we have an analog of Theorem 2.27.

Proposition 2.39. Let R be a regular ring and m ⊆ R a maximal ideal such that
dimRm = n. Let I1 ⊆ I2 ⊆ R be m-primary ideals. Then En(I1Rm) ≤ En(I2Rm)
with equality if and only if I1 = I2.

Proof. The case that (R,m) is local is [BA17, Corollary 11]. In the non-local case,
we have I1Rm = I2Rm, so I1Rm is a reduction of I2Rm by [HS06, Corollary 1.2.5].
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By definition of reduction, there exists t > 0 such that I1It2Rm = It+1
2 Rm. The ideals

I1I
t
2, I

t+1
2 are m-primary, so we have

I1I
t
2 = I1I

t
2Rm ∩R = It+1

2 Rm ∩R = It+1
2 ,

so I1 is a reduction of I2. By [HS06, Corollary 1.2.5] again, we deduce that I1 =
I2. □

We extend Definition 2.38 to the ring k[x1, . . . , xn].

Definition 2.40. Let R = k[x1, . . . , xn],m = (x1, . . . , xn) and let I ⊆ m be an ideal.
For 1 ≤ j ≤ ht(IRm) we define σj(I) := σj(IRm) and Ej(I) := Ej(IRm).

Remark 2.41. Even though Definition 2.40 defines a local invariant, we suppress
the reference to the maximal ideal m, as we will only ever consider singularities at
the origin.

Proposition 2.42. Let R = k[x1, . . . , xn],m = (x1, . . . , xn), and let I ⊆ R be an
ideal with ht(I) ≥ l.

(a) If I is m-primary, then Proposition 2.35 holds for I.
(b) If I is homogeneous, then Proposition 2.37 (i), (iii), (iv) hold, provided we

assume the elements h1, . . . , hn−j in (iii) are homogeneous.

Proof.
(a) As in Proposition 2.35, (i) follows from (ii). For (ii), for any h1, . . . , hn−j ∈ m,

the ideal (I +(h1, . . . , hn−j)) is m-primary as well. As m/m2 ∼= mRm/m
2Rm,

choosing h1, . . . , hn−j ∈ m whose images in mRm/m
2Rm are sufficiently gen-

eral, we have

ej(I) := ej(IRm) = e (I + (h1, . . . , hn−j)Rm) = e (I + (h1, . . . , hn−j)) .

The other equality in (ii) is similar, and (iii) is immediate:

ej−1(I)ej+1(I) := ej−1(IRm)ej+1(IRm) ≤ ej(IRm)
2 =: ej(I)

2.

(b) For Proposition 2.35 (i), we note that a homogeneous ideal of height n is au-
tomatically primary to m and appeal to part (a). For (iii), we note that when
h1, . . . , hn−j are homogeneous and sufficiently general, ht(I+(h1, . . . , hn−j))
is homogeneous of height n and thus m-primary. Additionally, we note that
I + mt is m-primary for all t > 0, after which we appeal to part (a) (ii) of
this proposition. Similarly to part (a), Proposition 2.37 (iv) follows from the
local case.

□

Lemma 2.43. Suppose we are in one of the following situations:
(1) L/k is a field extension, R = k[x1, . . . , xn],m = (x1, . . . , xn), S = L[x1, . . . , xn],

and I ⊆ R is m-primary or homogeneous.
(2) (R,m) → (S, n) is an extension of n-dimensional regular local rings, mS = n,

and I ⊆ R is an ideal.
Then for all 1 ≤ j ≤ n such that σj(I) is defined, we have σj(I) = σj(IS).
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Proof. The assumptions imply that λR(J) = λS(JS) for every m-primary ideal J ⊆
R. In particular, this applies to the ideals (I + mt)amb for all a, b, t > 0; the result
follows from Definitions 2.32 and 2.36. □

3. Proof of Theorem A

3.1. F -Pure Thresholds and the Demailly-Pham Invariant. In this subsec-
tion, we require an asymptotic version of [BA17, Theorem 13] in arbitrary character-
istic. Our result follows from [BA17; DP14] with the necessary changes being made.

Definition 3.1. Let k be a field and R = k[x1, . . . , xn]. The reverse lexicographic
order on R, denoted by >rlex, is the monomial order such that xa > xb if and only
if there exists an index 0 ≤ i ≤ n − 1 such that (an, . . . , an−i+1) = (bn, . . . , bn−i+1)
and an−i < bn−i. The graded reverse lexicographic order, denoted >grlex, is
the monomial order given by xa >grlex xb if and only if deg(xa) > deg(xb) or else
deg(xa) = deg(xb) and xa >rlex xb.

Lemma 3.2. Let k be a field, R = k[x1, . . . , xn], and J ⊆ R an ideal. For 1 ≤ j ≤ n,
we define πj : R → R/(xj+1, . . . , xn) ∼= k[x1, . . . , xj ]. Then

in>rlex πj(J) = πj(in>rlex(J)).

Proof. Let f ∈ J . Write f = g + h, where h ∈ (xj+1, . . . , xn) and g ∈ k[x1, . . . , xj ].
If g = 0, then πj(f) = 0. If g ̸= 0, then in>(f) = in>(g). In both cases, we have
πj(in>(f)) = in>(πj(f)). □

The following is a general lemma which will be used repeatedly throughout the
rest of this article.

Lemma 3.3. Let L be a field, S = L[x1, . . . , xn], and J ⊆ S an m-primary homoge-
neous ideal generated by forms of degree ≤ d. Then md ⊆ J .

Proof. We first prove the result in the case that L is infinite. First, choose forms
f1, . . . , fn from among the generators of J such that (f1, . . . , fn) is m-primary. If
h1, . . . , hn are general linear forms, then

J ′ := (h
d−deg(f1)
1 f1, . . . , h

d−deg(fn)
n fn)

is an m-primary (d, . . . , d)-complete intersection contained in J . As J ′ ⊆ md and
e(J)′ = dn = e(md), we have md = md ⊆ J ′ ⊆ J by Theorem 2.27.

Now, let L be an arbitrary field, and set S′ = L[x1, . . . , xn]. We then have
J = JS′ ∩ S ⊇ mdS′ ∩ S = md by Proposition 2.26 (vii) and the infinite field
case. □

Lemma 3.4 ([BA17], Theorem 4). Let k be an infinite field, R = k[x1, . . . , xn], and
I an m-primary ideal. If > denotes the monomial order >rlex and γ ∈ GLn(k) is
general, then for all 1 ≤ j ≤ n we have

(8) lim
t→∞

ej(in>(γ
−1It))

tj
= ej(I).
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To reassure the reader that Bivià-Ausina’s arguments hold in arbitrary character-
istic, we summarize the main argument below.

Proof of Lemma 3.4. By Proposition 2.35 (ii), choose γ ∈ GLn(k) so that ej(I) =

ej

(
I+γ(xn,...,xn−j+1)
γ(xn,...,xn−j+1)

)
. Set J = γ−1I. By Proposition 2.35 (ii), let γt ∈ GLn(k) such

that ej(in>(J t)) = e(πj(γ
−1
t in>(J

t))). By [Smi20, Theorem 3.4 (ii)], Hilbert-Samuel
multiplicity is upper semicontinuous. Applying this semicontinuity to the special-
izations πj(γ

−1
t in>(J

t)) ⇝ πj(in>(J
t)) and J t ⇝ in>(J

t) as in [BA17, Proposition
2 and Theorem 4], we deduce

(9) e(πj(in>(J
t))) ≥ e(πj(γ

−1
t in>(J

t)) = ej(in>(J
t)) ≥ ej(J

t).

By [Mus02, Corollary 1.13], Equation (9), and Lemma 3.2 we have

ej(I) = ej(J) = e(πj(J)) = lim
t→∞

e(πj(J)
t)

tj

= lim
t→∞

e(in>(πj(J
t))

tj
= lim

t→∞

e(πj(in>(J
t)))

tj

≥ lim
t→∞

ej(in>(J
t))

tj
≥ lim

t→∞

ej(J
t)

tj
= ej(J).(10)

It follows that the inequalities in Equation (10) must be sharp, proving the claim. □

Remark 3.5. The generic change of coordinates in Lemma 3.4 is necessary when
dim(R) ≥ 3. Consider R = Q[x, y, z] and I = (xy, x2 + z2, x4, y4, z4). Let ≻ denote
the graded reverse lexicographic order with x ≻ y ≻ z. Using the ReesAlgebra
package in Macaulay2 [Eis+; GS], we compute e(in≻(I

5)) = 2000. Separately, we
have 2000 = 53 · e(I) = e(I5). For all t > 0, we have in≻(I

5t) ⊆ in≻(I
5)t, hence

t3e(I5) = e(I5t) ≤ e(in≻(I
5t)) ≤ e(in≻(I

5)t) = t3e(I5),

Set a = in≻(I
5). By Theorem 2.27, we deduce that in≻(I5t) = at for all t > 0. It

follows from Proposition 2.39 that

lim
t→∞

e2(in≻(I
t))

t2
= lim

t→∞

e2(in≻(I
5t))

(5t)2
=

e2(a
t)

(5t)2
=

e2(a)

52
.

To compute e2(a), we use Proposition 2.35 (ii). Suppose h = ax+ by+ cz is such
that e2(a) = e

(
a+(h)
(h)

)
. Let γ ∈ GLn(k) denote the map (x, y, z) 7→ (ax, by, cz). As

a is a monomial ideal, we have γ−1a = a, hence

(11) e

(
a+ γ(x+ y + z)

γ(x+ y + z)

)
= e

(
a+ (x+ y + z)

(x+ y + z)

)
.

The quantity in Equation (11) can be computed directly using the ReesAlgebra
package, giving us

lim
t→∞

e2(in≻(I
t))

t2
=

e2(in≻(I
5))

52
=

22

5
.

Using Lemmas 3.7 and 3.8, we compute e2(I) = 4 < 22
5 .
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Definition 3.6. Let k be a field, R = k[x1, . . . , xn],m = (x1, . . . , xn), and let a• be
a graded system of m-primary ideals. We define:

• The asymptotic mixed multiplicities: ej(a•) = lim infm
ej(am)
mj .

• The asymptotic Demailly-Pham invariant: En(a•) =
1

e1(a•)
+ · · ·+ en−1(a•)

en(a•)

• The asymptotic singularity threshold: c(a•) = lim infmmc(am).

Before we prove Theorem 3.9 and our asymptotic version of [BA17, Theorem 13],
we require the following standard facts.

Lemma 3.7. Let L be a field and S = L[x1, . . . , xn]. Let I be a homogeneous ideal
of S and J ⊆ I denote the ideal of S generated by the homogeneous forms in I of
degree ≤ d. If ht(J) = n, then J = I.

Proof. It is clear that J ⊆ I. Let m := (x1, . . . , xn). For the reverse containment,
note that I ⊆ J +md+1. By Lemma 3.3 we have

I ⊆ J +md+1 ⊆ J +md ⊆ J.

□

Lemma 3.8. Let L be a field and S = L[x1, . . . , xn]. Let J = (f1, . . . , fn) be a
complete intersection where deg fi = di and d1 ≤ · · · ≤ dn. Then we have the
following:

(i) If L is infinite, then for a general hyperplane section H ⊆ SpecS, we have
e(J |H) = d1 · · · dn−1.

(ii) Let 1 ≤ j ≤ n. With no assumption on |L|, we have ej(J) = d1 . . . dj, and
hence Ej(J) =

1
d1

+ · · ·+ 1
dj

.

Proof. As the f1, . . . , fn form a homogeneous system of parameters for S, we have

(12) e(J) = d1 . . . dn.

Choosing H generally so that ht(f1, . . . , fn−1)|H = n−1, Lemma 3.7 gives e(J |H) =
e((f1|H , . . . , fn−1|H)), so (i) follows from Equation (12). For (ii), Lemma 2.43 shows
that ej(J) is invariant under extension of the base field, so it suffices to consider the
case of an infinite field. The result follows from (i) and Proposition 2.35 (ii). □

Theorem 3.9. Let n be a positive integer and 1 ≤ l ≤ n. Suppose either:
(1) (R,m) is a regular local ring of dimension n, excellent if char R = 0, and

that I ⊆ R is an ideal of height at least l;
(2) k is a field, R = k[x1, . . . , xn],m = (x1, . . . , xn), and I ⊆ R is an ideal which

is m-primary or homogeneous of height at least l.
Then El(I) ≤ c(I).

Proof. We reduce to the case of an m-primary ideal in a polynomial ring over an
infinite field. In the case (2), Proposition 2.10 (vi) and Lemma 2.43 show that
El, c are invariant under field extension. If J is an ideal generated by n− l general
linear forms, then El(

I+J
J ) = El(I) and c( I+J

J ) ≤ c(I) by Proposition 2.10 (iv) and
Proposition 2.42, so we may assume l = n.
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Γ(a•)

µ1

H

Figure 2. Γ(a•), to-
gether with µ1 and H.

Rn
≥ \H+ = Γ(a′•)

µ1

H

Figure 3. Γ(a′•) in terms
of H.

Suppose we are in the case (1). By Proposition 2.10 (vi) and Lemma 2.43, the
quantities c, El are invariant under completion and field extension, so we may without
loss of generality assume R is complete local with infinite residue field k. As c(I) ≥
c((I+J)/J) for any ideal J ⊆ R, we let J be an ideal generated by n−l elements of m
whose images in m/m2 are sufficiently general; it suffices to show that c((I+J)/J) ≥
El((I+J)/J), where (I+J)/J is an ideal of height l in a complete regular local ring of
dimension l. Therefore, without loss of generality, we may assume l = n, and hence
I is m-primary. Set R′ = k[x1, . . . , xn],m

′ = (x1, . . . , xn). Since I is m-primary,
there exists I ′ ⊆ R′ with I ′R = I. Another application of Proposition 2.10 (vi) and
Lemma 2.43 gives c(I) = c(I ′R′

m′) and En(I) = En(I
′R′

m′), so by Notation 2.9 and
Definition 2.40 we have c(I) = c(I ′), En(I) = En(I

′).
Let γ ∈ GLn(k) such that Equation (8) holds. Set am = in>(γ

−1Im) for m >
0. By Lemma 3.4 we have En(a•) = En(I) and by Proposition 2.22 we have
c(a•) ≤ c(I). Let µ = inf{t : t1 ∈ Γ}. Since Γ is convex and µ1 ∈ ∂Γ, by
[Roc70, Corollary 11.6.1] there exists a half-space H+ ⊆ Rn such that Γ ⊆ H+

and that µ1 ∈ ∂H+. Since Γ is closed under translation by elements of Rn
≥0

and the complement of Γ in Rn
≥0 is bounded, the same is true for H+. The clo-

sure of the complement of H+ in Rn
≥0 is therefore a simplex, which we denote by

conv(0, (a1, 0, . . . , 0), . . . , (0, . . . , 0, an)). See Figures 2 and 3 for a depiction of this
step.

Define a graded system of monomial ideals a• by a′m = {xa : a ∈ mH+}. By
assumption that Γ ⊆ H+, we have am ⊆ a′m for all m. Consequently, we have
En(a•) ≤ En(a

′
•) by Proposition 2.39. By Proposition 2.16, we also have c(a•) =

c(a′•). We can compute En(a
′
•) from the numbers a1, . . . , an: by observing that

(
x
⌈ma1⌉
1 , . . . , x

⌈man⌉
n

)
⊆ a′m ⊆

(
x
⌊ma1⌋
1 , . . . , x

⌊man⌋
n

)
,
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it follows from Lemma 3.8 that En(a
′
•) =

1
a1

+ · · ·+ 1
an

. All together, we have

En(I) = En(a•) ≤ En(a
′
•) =

1

a1
+ · · ·+ 1

an
= c(a′•) = c(a•) ≤ c(I).

□

Remark 3.10. The insight depicted in Figures 2 and 3 appears earlier than the
work of Demailly, Pham and Bivià-Ausina, in the proof [FEM04, Theorem 1.1].

Corollary 3.11. Let k be an uncountably infinite field, R = k[x1, . . . , xn], and I an
m-primary homogeneous ideal. Let > denote the graded reverse lexicographic order
and let am := gin(Im). Lastly, let b1, . . . ,bn denote the standard unit vectors in Rn.
If En(I) = c(I), then

(13) Rn
≥0 \ Γ(a•) = conv

(
0, e1(I)b1,

e2(I)

e1(I)
b2, . . . ,

en(I)

en−1(I)
bn

)
.

Proof. By construction, > agrees with the reverse lexicographic order on homoge-
neous ideals. Consequently, we may choose γ ∈ GLn(k) very generally so that
Equation (8) holds and in>(γ

−1Im) = gin>(I
m) for all m > 0. With this choice of

γ, let a•, a
′
• be as in Theorem 3.9.

Suppose En(I) = c(I). Then we also have En(a•) = En(a
′
•). By [BA17, Propo-

sition 10], we further have that ej(I) = ej(a•) = ej(a
′
•) for all 1 ≤ j ≤ n. In

particular, en(a•) = en(a
′
•), so by [Mus02, Theorem 2.12 and Lemma 2.13], we have

vol(Rn
≥0 \ Γ(a•)) = vol(Rn

≥0 \ Γ(a′•)). Since Γ(a•),Γ(a
′
•) are closed and convex with

positive volume, it follows that Γ(a•) = Γ(a′•). Since the generic initial ideal is Borel-
fixed, we have a1 ≤ · · · ≤ an, hence ej(a

′
•) = a1 . . . aj for all 1 ≤ j ≤ n, proving the

claim. □

Remark 3.12. Equation (13) is a necessary condition to have c(I) = En(I), but
not a sufficient condition. By [May14] in characteristic zero, Equation (13) holds for
any homogeneous complete intersection J = (f1, . . . , fn).

In fact, Equation (13) holds for any homogeneous complete intersection in positive
characteristic, though a small modification to Mayes’s argument in [May14] must be
made. In particular, Lemma 3.6 in op. cit. does not hold in positive characteristic: in
the ring Fp[x, y] we have gin(xp, yp) = (xp, yp). Instead, one appeals to Theorem 2.29.
The details will appear in the author’s thesis.

Example 3.13 ([Fer26]). Here we give a counterexample to [Kim21, Question 1.3],
which also functions as a counterexample to the analogous statement in positive
characteristic. Let k be a field and set R = k[x, y, z]. The idea is to start with an ideal
c ⊆ R and a general hyperplane H for which the equality c(c)− c(c|H) = e2(c)

e3(c)
holds

and to produce an ideal a ⊇ c for which c(a) = c(c), c(a|H) = c(c|H), e2(a) = e2(c),
and e(a) < e(c).

We’ll define a family of monomial ideals satisfying the desired conditions, which
we depict in Figures 4 and 5. Let 3 ≤ a < b. We define the auxiliary ideal b =
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x

y

z

a
a

b

Figure 4. Γ(c), with µ1
computing c(c) in red.

x

y

z

a
a

b

Figure 5. Γ(a), with µ1
computing c(a) in red.

(xa, xy, ya). Set c = (b, zb) and a = (c, zxa−1). As a ≥ 3, we have a ⊆ (x2, y2, zb).
Using Proposition 2.16, we compute

1 +
1

b
= c((xy, zb)) ≤ c(c) ≤ c(a) ≤ c((x2, y2, zb)) = 1 +

1

b
.

As in Remark 3.5, the linear form h = x − y − z is sufficiently general to compute
e2(a) and maxℓ c(a|ℓ=0). Identifying R/hR with k[x, y] and letting a′, b′, c′ denote
the images of a, b, c in R/hR, we have

b′ ⊆ c′ ⊆ a′ = (b′, (x+ y)xa−1, (x+ y)b) ⊆ b′,

so we have a′ = b′ = c′, which implies that e2(a) = e2(c) and c(a′) = c(c′).
By Lemma 3.3 and Lemma 3.8 respectively, we have b′ = (xy, xa + ya) and e(b′) =

2a. A similar computation yields c = (xy, xa + ya, zb), so e(c) = 2ab. On the other
hand, we claim that the containment c ⊆ a is strict — in particular, we claim that
zxa−1 /∈ c. To see this, we note that the monomials in k[x, z] ∩ c are precisely those
xizj for which i/a+ j/b ≥ 1, and we have (a− 1)/a+1/b < 1. By Theorem 2.27, it
follows that e(a) < e(c). We deduce that

c(a) = 1 +
1

b
= c(c) +

e2(c)

e(c)
< c(a|h=0) +

e2(a)

e(a)
,

violating the conjectured inequality.

In light of [Kim21, Proposition 2.4 (i)], we might instead consider the weaker
bound c(I)−c(I|H) ≥ 1

L0(I)
, where L0(I) is the Łojasiewicz exponent (Definition 4.5).

This does hold; see Lemma 4.6.
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4. Theorem B in the Complete Intersection Case

4.1. Behavior of the Singularity Threshold Under Modification. Fix the
following notation throughout this subsection.

Assumption 4.1. Let k be a field, R = k[x1, . . . , xn], and let m denote the ho-
mogeneous maximal ideal. Let I ⊆ R be an m-primary homogeneous ideal. Write
I = I1 + · · ·+ Ir, where Ij is generated by forms of degree dj and d1 < · · · < dr.

Lemma 4.2 ([BS15], Lemma 3.2). Let R = k[x1, . . . , xn] and let m denote the
homogeneous maximal ideal. For any e, t ∈ Z+, we have

(m[pe] : mt) =

{
R t ≥ npe − n+ 1

m[pe] +mnpe−n+1−t t < npe − n+ 1

More generally, we have the following.

Lemma 4.3. Let R = k[x1, . . . , xn]. Let v be a monomial valuation on R with
v(xi) ≥ 0 for all 1 ≤ i ≤ n. For λ ∈ R+, let aλ denote the ideal {f ∈ R : v(f) ≥ λ}
and a+λ = {f ∈ R : v(f) > λ}. Let q ∈ Z+, λ ∈ R+. Then we have

(14) ((xq1, . . . , x
q
n) : aλ) = (xq1, . . . , x

q
n) + a+(q−1)v(x1...xn)−λ.

Proof. The argument is the same as Lemma 4.2. Let m /∈ (xq1, . . . , x
q
n) be a monomial.

Then m | (x1 · · ·xn)q−1, so aλm ̸⊆ (xq1, . . . , x
q
n) if and only if (x1...xn)q−1

m ∈ aλ, which
holds if and only if v((x1 · · ·xn)q−1)− v(m) ≤ λ. We’ve shown that the two sides of
Equation (14) contain the same monomials; both sides are monomial ideals, so the
result follows. □

Lemma 4.4 ([Bai25], Lemma 4.2). Let k be a field of characteristic p > 0, let
R = k[x1, . . . , xn], and I ⊆ R a homogeneous ideal. For a hyperplane H cut out by
a linear form ℓ, we let I|H denote the image of I in R/ℓR. In this case, we have

νI|H (p
e) ≤ max{r : Ir ̸⊆ m[pe] +m(n−1)(pe−1)+1},

Definition 4.5. Let R = k[x1, . . . , xn] and let I ⊆ R be an ideal. The Łojasiewicz
exponent of I, denoted L0(I), is equal to the least integer t such that mt ⊆ I, or
else ∞ in the case that I is not m-primary.

Lemma 4.6. Let R = k[x1, . . . , xn] and let I ⊆ R be an ideal. If H ⊆ SpecR is a
hyperplane, then we have c(I)− c(I|H) ≥ 1

L0(I)
.

Proof. If L0(I) = ∞ then there is nothing to prove, so suppose L0(I) = d < ∞.
We first prove the claim in characteristic p > 0. Combining Lemma 4.2 and

Lemma 4.4, we have

νI|H (p
e) ≤ max{s : mpeIs ̸⊆ m[pe]}.

Consequently, we have max{s : mpeIs ̸⊆ m[pe]} ≤ νI(p
e) −

⌊
pe

d

⌋
, which implies that

νI|H (p
e) ≤ νI(p

e) −
⌊
pe

d

⌋
. Dividing by pe and taking the limit as e → ∞ gives the

result.
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We now prove the claim in characteristic 0. The result follows from Proposi-
tion 2.8, the details of which we spell out explicitly in this case (though moving
forward, we will be more terse). Let A ⊆ k be a finitely-generated Z-algebra and
J ⊆ A[x1, . . . , xn] an ideal such that JR = I. Such a subring A can always be
constructed by adjoining to Z the field coefficients appearing in a generating set
for I; we’ll also choose A to contain the coefficients of the linear form ℓ. If µ is a
maximal ideal of A, we let Iµ denote the image of J in (A/µ)[x1, . . . , xn]. Applying
Proposition 2.8 to both I and I|H , we obtain

c(I)− c(I|H) = lim
µ∈SpecA

charA/µ→∞

c(I|µ)− c(Iµ|Hµ) ≥ 1/d.

□

Corollary 4.7. Assume the setup of Assumption 4.1 and let H ⊆ SpecR be a
hyperplane cut out by a linear form ℓ. Then c(I)− c(I|H) ≥ 1/dr.

Proof. By Lemma 3.3, we have mdr ⊆ I, so L0(I) ≤ dr. The result follows from
Lemma 4.6. □

Lemma 4.8. Assume the setup of Assumption 4.1. Suppose r = 2. Then we have
c(I) = n

d2
+ c(I1)

d2−d1
d2

. In particular, for any 0 ≤ s ≤ n, we have c(I) = s
d1

+ n−s
d2

if and only if c(I1) = s
d1

.

Proof. We prove the claim first in positive characteristic. By Lemma 3.3, we have
md2 ⊆ I, so I ⊆ I1 +md2 ⊆ I, so c(I) = c(I1 +md2). Consequently, we have

νI(p
e) = max

{
a+ b : Ia1m

bdn
µ ̸⊆ m[pe]

}
= max{a+ b : Ia1 ̸⊆ (m[pe]

p : mbdn
p )}.

By Lemma 4.2, we obtain

(15) νI(p
e) = max{a+ b : Ia1 ̸⊆ m[pe] +mnpe−n+1−bd2}.

The ideal Ia1 is generated in degree ad1, so Ia1 ̸⊆ m[pe] + mt if and only Ia1 ̸⊆ m[pe]

and ad1 < t. With this insight, we refine Equation (15):

(16) νI(p
e) = max

0≤a≤νI1 (p
e)
a+

npe − n− ad1
d2

.

The quantity being maximized in Equation (16) is an increasing function of a, so
the maximum occurs at a = νI1(p

e) and

νI(p
e) =

npe − n

d2
+ νI1(p

e)
d2 − d1

d2
.

Dividing by pe and letting e → ∞, we obtain

c(I) =
n

d2
+ c(I1)

d2 − d1
d2

.
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For characteristic zero, we can spread out to positive characteristic as in Corollary 4.7
and compute

c(I) = lim
µ

c(Iµ) = lim
µ

(
n

d2
+ c(I1,µ)

d2 − d1
d2

)
=

n

d2
+ c(I1)

d2 − d1
d2

.

□

4.2. Induction Setup. In this subsection, we begin the proof of Theorem 5.1 in
the case that I is a complete intersection and k = k.

Assumption 4.9. We assume a setup similar to Assumption 4.1. Let k be an
algebraically closed field. Let a1, . . . , ar, d1, . . . , dr ∈ Z+. For 1 ≤ i ≤ r, let xi denote
the tuple of variables xi,1, . . . , xi,ai , and let R = k[x1, . . . ,xr]. Let n = a1+ · · ·+ar =
dimR. Let I ⊆ R be a complete intersection of the form (f1,1, . . . , fr,ar) such that
fi,j is a di-form. For 1 ≤ j ≤ r, write Ij = (fj,1, . . . , fj,aj ). Let wd denote the

monomial valuation with wd(xi,j) = 1/di. We let D denote the ideal (xd1
1 , . . . ,xdr

r ),
which coincides with the set of elements z with wd(z) ≥ 1.

Assumption 4.10. Assume the setup of Assumption 4.9. We define the following
condition on the ideal I:

(†) I1 is extended from k[x1] and I ⊆ D+ (x1)

Definition 4.11. For r ∈ Z+, we define the statements Ar, Br.

For all I as in Assumption 4.9, if En(I) = c(I) then
there exists γ ∈ GLn(k)such that γI ⊆ D.

(Ar)

For all I as in Assumption 4.9, if En(I) = c(I) then
there exists γ ∈ GLn(k) such that γI satisfies Equation (†).

(Br)

The goal of this section is to prove Ar for all r. We accomplish this via the
following steps:

(1) A1, A2 hold;
(2) For r ≥ 3, Ar−1 combined with A2 implies Br;
(3) For r ≥ 3, Br implies Ar.

The proof of step (1) is short, but steps (2) and (3) will each have a dedicated
subsection.

Proof of A1. If I is an m-primary complete intersection generated by forms of degree
d for some d, by Lemma 3.3 we have I = md. □

Remark 4.12. When r = 1, the above argument shows that c(I) = En(I) is satisfied
for all choices of I. Unfortunately, this means that the proof of our induction step
A2, Ar−1 =⇒ Ar can’t be modified to show A1 =⇒ A2. We instead expand the
scope of our base case.

To prove A2, we introduce the notion of essential dimension.
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Definition 4.13 (Essential Dimension). Let J ⊆ R = k[x1, . . . , xd] be a homoge-
neous ideal. The essential dimension ess(J) is equal to the minimal r for which there
exist linear forms ℓ1, . . . , ℓr such that J is extended from I ⊆ k[ℓ1, . . . , ℓr].

We have the following result.

Proposition 4.14 ([Bai25], Proposition 3.3). Let k be an algebraically closed field,
R = k[x0, . . . , xn], and J ⊆ R a homogeneous ideal. Set r = ht(J). Let L =
(ℓr+1, . . . , ℓn), where the ℓi are chosen generally. For r ≤ t ≤ n, set Lt = (ℓt+1, . . . , ℓn)
and Jt =

J+Lt
Lt

. Then for all r ≤ t ≤ n, we have ess(Jt) = max(t+ 1, ess(J)).

Proof of A2. By Lemma 4.8, if c(I) = En(I) then c(I1) = a1/d1. By [FEM03, The-
orem 3.5] in characteristic zero and [Bai25, Theorem 3.17] in positive characteristic,
it follows that ess(I1) = a1. By [Bai25, Lemma 3.18], there exists γ ∈ GLn(k) such
that γ(I1) = (x1)

d1 , hence γI ⊆ (x1)
d1 +md2 ⊆ D. □

4.3. Step (2): For r ≥ 3, Ar−1 combined with A2 implies Br.

Lemma 4.15. Assume the setup of Assumption 4.9 and suppose r ≥ 3, c(I) = En(I).
If Ar−1 holds, there exists γ ∈ GLn(k) such that γI1 = (x1)

d1.

Proof. Note that En(I) = a1/d1+ · · ·+ar/dr by Lemma 3.8. Let L be an ideal of R
generated by a3 + · · · + ad general linear forms. Since I is a complete intersection,
I1+ I2+L is m

L -primary, so by Lemma 3.7 we have c(R/L, I+L
L ) = c(R/L, I1+I2+L

L ).
Consequently, by repeated application of Corollary 4.7, we have

(17) c(I) ≥ c

(
R/L,

I1 + I2 + L

L

)
+

a3
d3

+ · · ·+ ar
dr

.

Assuming c(I) = En(I), we have
a1
d1

+
a2
d2

≤ c

(
R/L,

I1 + I2 + L

L

)
≤ a1

d1
+

a2
d2

,

where the left-hand side is by Theorem 3.9 and the right-hand side is by Equa-
tion (17). Both inequalities are therefore equalities, so by the proof of A2, we have
ess
(
I1+L
L

)
= a1. By Proposition 4.14, it follows that ess(I1) = a1. The result then

follows from [Bai25, Lemma 3.18]. □

Lemma 4.16. Assume the setup of Assumption 4.9. Suppose c(I) = En(I). Then
there exists γ ∈ GLn(k) such that γI satisfies Equation (†).

Proof. By Lemma 4.15, we may assume I1 is extended from k[x1]. Let ≻ denote
the monomial partial order induced by the monomial valuation w(x1,i) = 0 and
w(xi,j) = 1 for i ≥ 2. For 2 ≤ i ≤ r, 1 ≤ j ≤ ai, let gi,j := in≻(fi,j). Since I is
a complete intersection, we have fi,j /∈

√
I1 = (x1), hence gi,j /∈ (x1) and moreover

fi,j − gi,j ∈ (x1). Observe that

(18) in≻(I) ⊇ I1 + in≻(I2 + · · ·+ Ir) ⊇ I1 + (g2,1, . . . , gr,ar).

Let I ′ denote the right-hand side of Equation (18). Because gi,j and fi,j have the
same image modulo (x1) =

√
I1, the ideal I ′ is a complete intersection. In particular,
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I ′ is a complete intersection of type (d1, . . . , d1︸ ︷︷ ︸
a1

, . . . , dr, . . . , dr︸ ︷︷ ︸
ar

). By Lemma 3.8 and

Proposition 2.22, we have

(19) En(I) = En(I
′) ≤ c(I ′) ≤ c(in≻(I)) ≤ c(I) = En(I).

As I1 = (x1)
d1 , we have c(I1) = a1/d1. Since I1 and J := (g2,1, . . . , gr,ar) are defined

in terms of disjoint sets of variables, we have by [TXZ24, Theorem 2.4 (1)] that

(20) c(R, I ′) = c(k[x1], I1) + c(k[x2, . . . ,xr], J) =
a1
d1

+ c(k[x2, . . . ,xr], J).

It follows from Equations (19) and (20) that J , which is a complete intersection
in k[x2, . . . ,xr], satisfies Ea2+···+ar(J) = c(J). By Ar−1, there exists γ ∈ GLn−a1(k)

such that γJ ⊆ (xd2
2 , . . . ,xdr

r ).

We define γ′ :=

[
ida1 0
0 γ

]
and we claim that γ′I satisfies Equation (†). By

construction, γ′I ′ satisfies Equation (†). Since gi,j − fi,j ∈ (x1) for all 2 ≤ i ≤ r, 1 ≤
j ≤ ai, we have

γ′(I2 + · · ·+ Ir) ⊆ γ′(g1,1, . . . , gr,ar) + (x1),

which proves that γ′I also satisfies Equation (†). □

Remark 4.17. In the proof of Lemma 4.16, we used the assumption Ar−1 to show
that I|H ⊆ D|H . This condition is necessary, but not sufficient, to have I ⊆ D —
even if I also satisfies Equation (†). For example, consider the ideal I = (x2, y3 +

xyz, z7) and D = (x2, y3, z7).

4.4. Step (3): Br implies Ar.

4.4.1. Proof Sketch. By Br, any ideal I as in Assumption 4.9 with c(I) = En(I) can
be written in the form

I = (f1,1, . . . , f1,a1) + ((f ′
2,1 + f ′′

2,1) + · · ·+ (f ′
r,ar + f ′′

r,ar))

where f ′
i,j ∈ k[x2, . . . ,xr] and f ′′

i,j ∈ (x1), and f1,1, . . . , f1,a1 , f
′
2,1, . . . , f

′
r,ar are all

contained in D and form a regular sequence. If f ′′
i,j ∈ D for all i, j, then I ⊆ D and

Proposition 2.39 implies that I = D as desired.
To handle the case that I ̸⊆ D, we suppose that I is as close to D as possible

without having I ⊆ D. Specifically, we consider an ideal I with a unique index
2 ≤ m ≤ r − 1 such that f ′′

i,j = 0 for all i ̸= m and f ′
i,j = xdii,j . We also suppose

that for this fixed index m, the f ′′
m,j are not all zero and no monomial summand

of f ′′
m,j is contained in D. Because of the (relatively) uncomplicated structure of I,

we are able to use positive-characteristic arguments to directly show c(I) > En(I)
(Lemma 4.29).

In the general case (Lemma 4.28), we prove that any complete intersection sat-
isfying Equation (†) but with I ̸⊆ D can be degenerated to an ideal I ′ which is
as described in the previous paragraph: close to D while satisfying I ′ ̸⊆ D. By
Proposition 2.22, we have c(I) ≥ c(I ′) > En(I

′) = En(I).
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4.4.2. Constructing the Degeneration Order.

Notation 4.18. Let b1, . . . ,bn denote the standard basis vectors for Zn. For u =
(u1, . . . , un) ∈ (Z+)n, set |u| = u1 + · · · + un. For d = (d1, . . . , dn) ∈ Zn, we also
define νd : Zn → Q by νd(u) =

u1
d1

+ · · ·+ un
dn

.

Lemma 4.19. Let 0 < d1 < · · · < dn ∈ (Z+)n and set d = (d1, . . . , dn). Let
S ⊆ (Z≥0)

n. Write S = S2 ⊔ · · · ⊔ Sn−1. Assume that S satisfies the following:
(1) For all u ∈ Si, we have |u| = di.
(2) For all u ∈ S, either u1 ≥ 1 or νd(u) ≥ 1.
(3) For all 2 ≤ i ≤ n− 1, we have dibi /∈ Si.
(4) There exists u ∈ S with νd(u) < 1 (and therefore u1 ≥ 1).

Then there exists a linear map λ : Zn → Z and a unique index 2 ≤ m ≤ n− 1 such
that
(A.i) For all 2 ≤ i ≤ n− 1, i ̸= m,u ∈ Si we have λ(u) < λ(dmbm).
(A.ii) We have

(21) max
u∈Sm

λ(u) = λ(dmbm).

(A.iii) For any u achieving the maximum in Equation (21) we have νd(u) < 1 and
u1 ≥ 1.

To prove Lemma 4.19, we construct a sequence of auxiliary linear maps λ0, . . . , λs :
Zn → Q.

Lemma 4.20. Assume the setup of Lemma 4.19. There exists a linear map λ0 :
Zn → Q such that:
(B.i) For all 2 ≤ i ≤ n− 1,u ∈ Si we have λ0(u) ≤ λ0(dibi).
(B.ii) For u ∈ Si, if λ0(u) = λ0(dibi) then νd(u) ≤ 1.
(B.iii) For u ∈ Si, if λ0(u) = λ0(dibi) and u1 ≥ 1, then νd(u) < 1.
(B.iv) There exists an index 2 ≤ j ≤ n− 1 and some u ∈ Sj such that u1 ≥ 1 and

λ0(u) = djλ0(bj).

Proof. To start, we set

(22) t0 := min
u∈S with u1≥1

νd(u)− 1

u1
.

We define λ0 : Zn → Q by
λ0(u) = t0u1 − νd(u).

We claim that λ0 satisfies (B.i)-(B.iv).
(B.i) Let 2 ≤ i ≤ n − 1,u ∈ Si. Our proof that λ0(u) ≤ λ0(dibi) splits into two

cases.
u1 = 0: By assumption (2) of Lemma 4.19 we have λ0(u) = −νd(u) ≤ −1.
u1 ≥ 1: We have λ0(u) ≤

(
νd(u)−1

u1

)
u1 − νd(u) = −1. The property (B.i) then

follows from the fact that λ0(dibi) = νd(dibi) = −1 for all 2 ≤ i ≤ n−1.
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(B.ii) First, we observe that if λ0(u) = λ0(dibi) = −1, then

(23) νd(u) = t0u1 − λ0(u) = 1 + t0u1.

By assumption (4) of Lemma 4.19, there exists u ∈ S with u1 ≥ 1 and
νd(u) < 1. It follows that the minimum in Equation (22) is negative, proving
(B.ii).

(B.iii) The claim (B.iii) follows from Equation (23) together with the fact that
t0u1 < 0.

(B.iv) If u ∈ Sj realizes the minimum in Equation (22), then

λ0(u) =

(
νd(u)− 1

u1

)
u1 + νd(u) = −1 = λ0(djbj).

□

Notation 4.21. Assume the notation of Lemma 4.19, and let λ0 be as in Lemma 4.20.
For 2 ≤ i ≤ n− 1, we define

S
(0)
i = {u ∈ Si : λ0(u) = λ0(dibi)}

and we set S(0) = S
(0)
2 ⊔ · · · ⊔ S

(0)
n−1.

By Lemma 4.20, we have some control over S(0).
• By definition, we have S(0) ⊆ S.
• By (B.ii) and (B.iii), for every u ∈ S(0) we have νd(u) ≤ 1 with equality only

if u1 = 0.
• By (B.iv), S(0) is nonempty. In particular, S(0) contains an element u with
u1 ≥ 1.

Lemma 4.22. Assume the notation of Notation 4.21. There exists a linear map
λ1 : Zn → Q such that:

(C.i) For all 2 ≤ i ≤ n− 1,u ∈ S
(0)
i , if u1 = 0 then λ1(u) < λ1(dibi).

(C.ii) For all 2 ≤ i ≤ n− 1,u ∈ S
(0)
i , if u1 ≥ 1 then we have λ1(u) ≤ λ1(dibi).

(C.iii) There exists an index 2 ≤ j ≤ n− 1 and some u ∈ S
(0)
j such that u1 ≥ 1 and

λ1(u) = λ1(djbj).

Proof. We set
(24)

t1 := min
2≤i≤n−1

min
u∈S(0)

i
with u1 ̸=0

d2nu2 + · · ·+ dnnun − did
i
n

u1
, λ1(u) := t1u1−d2nu2−· · ·−dnnun.

We claim that λ1 satisfies properties (C.i)-(C.iii).
(C.i) By assumption (2) and (B.ii), we have νd(u) ≤ 1. Consequently, we deduce

(25) 1 ≥ νd(u) =
u1
d1

+ · · ·+ ui
di

≥ u1 + · · ·+ ui
di

.
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If u1+ · · ·+ui = di, then each inequality in Equation (25) is an equality and
hence u = dibi. This would violate assumption (3), so there must instead
be some index i < j ≤ n such that uj ≥ 1. We then have

λ1(u) = −d2nu2 − · · · − dnnun ≤ −djn < −did
i
n = λ1(dibi).

(C.ii) We compute
(26)

λ1(u) ≤
(
d2nu2 + · · ·+ dnnun − did

i
n

ui

)
ui − d2nu2 − · · · − dnnun = −did

i
n = λ1(dibi).

(C.iii) By (B.iv), the set {u ∈ S(0) : u1 ≥ 1} is nonempty. If u achieves the mini-
mum in Equation (24), then the inequality in Equation (26) is an equality.

□

Notation 4.23 (Subsuming Notation 4.21). Let k ≥ 0. Suppose that λ0, . . . , λk

have been defined. For 1 ≤ ℓ ≤ k, 2 ≤ i ≤ n− 1, we define

S
(ℓ)
i = {u ∈ Sℓ−1

i : λℓ(u) = diλℓ(bi)}

and set S(ℓ) = S
(ℓ)
2 ⊔ · · · ⊔ S

(ℓ)
n−1. Finally, we set Λℓ = {2 ≤ i ≤ n− 1 : S

(ℓ)
i ̸= ∅}.

Similarly to the case of S(0), Lemmas 4.22 and 4.24 give us control over S(ℓ) for
ℓ ≥ 1. Assume we have constructed λk+1 and proven Lemma 4.24 for k ≤ ℓ− 1.

• By definition, we have S(ℓ) ⊆ S(ℓ−1).
• By (B.iii), (C.i), and (C.ii), for all u ∈ S(ℓ) we have u1 ≥ 1 and νd(u) < 1.
• By (C.iii) if ℓ = 1 and (D.iii) if ℓ ≥ 2, there exists an element u ∈ S(ℓ) with
u1 ≥ 1.

Lemma 4.24. Let k ≥ 0 and suppose that λ0, . . . , λk have been defined. Assume the
notation of Notation 4.23 and suppose that |Λk| ≥ 2. Set ik = minΛk. There exists
λk+1 : Zn → Q such that:

(D.i) For u ∈ S
(k)
ik

, we have λk+1(u) < λk+1(dikbik).

(D.ii) For j > ik,u ∈ S
(k)
j , we have λk+1(u) ≤ λk+1(djbj).

(D.iii) There exists some index j > ik and some u ∈ S
(k)
j such that λk+1(u) =

λk+1(djbj).

Proof. We define

(27) tk+1 := max
j>ik,u∈S

(k)
j

uik
u1

, λk+1(u) := −tk+1u1 + uik .

We claim that λk+1 satisfies (D.i)-(D.iii).

(D.i) For u ∈ S
(k)
ik

, since u ̸= dikbik , we have

λk+1(u) ≤ uik < dik = dikλk+1(bik).
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(D.ii) For j > k,u ∈ S
(k)
j we have

(28) λk+1(u) ≤ −
(
uik
u1

)
u1 + uik = 0 = λk+1(djbj).

(D.iii) If u attains the maximum in Equation (27), then the inequality in Equa-
tion (28) is sharp.

□

Lemma 4.25 (c.f. [Eis95], Exercise 15.12). Let µ0, . . . , µs : Zn → Q be linear maps
and U ⊆ Zn a finite set. There exists a map µ : Zn → Z such that for all u,v ∈ U ,
we have µ(u) < µ(v) if and only if

there exists 0 ≤ k ≤ s such that µk(u) < µk(v)

and µℓ(u) = µℓ(v) for all 0 ≤ ℓ ≤ k − 1
(29)

We may now prove Lemma 4.19.

Proof. First, we construct the auxiliary maps λ0, . . . , λs. Apply Lemmas 4.20 and 4.22
to S to produce linear maps λ0, λ1. By (B.iv) and (C.iii), we have |Λ1| ≥ 1. We
continue inductively: suppose we have constructed λ0, . . . , λk. If |Λk| = 1, we set
s = k and proceed to the start of the following paragraph for the next step of the
argument. Otherwise, apply Lemma 4.24 to produce a map λk+1. By (D.i) we have
Λk+1 ⊆ Λk\{ik} and by (D.iii) we have |Λk+1| ≥ 1. As n−2 ≥ |Λ1| > |Λ2| > · · · ≥ 1,
we eventually arrive at an index s such that |Λs| = 1.

Apply Lemma 4.25 to the sequence λ0, . . . , λs to produce a map λ : Zn → Z. We
show that λ satisfies (A.i) and (A.ii), where the index m is the unique element of
Λs. By Lemmas 4.20, 4.22 and 4.24, for all 2 ≤ i ≤ n− 1,u ∈ Si, 0 ≤ k ≤ s we have
λk(u) ≤ λk(dibi). It follows that λ(u) ≤ λ(dibi). If λ(u) = λ(dibi), then we must
have λk(u) = λk(dibi) for all 0 ≤ k ≤ s. Each successive equality λk(u) = λk(dibi)
creates further restrictions on u:

(a) As λ0(u) = λ0(dibi), by Lemma 4.20 (B.ii) and (B.iii) we have either u1 = 0
and νd(u) ≤ 1 or u1 ≥ 1 and νd(u) < 1.

(b) As λ1(u) = λ1(dibi), by Lemma 4.22 (C.i), we must in fact have u1 ≥ 1 and
νd(u) < 1.

(c) As λk(u) = λk(dibi) for all 1 ≤ i ≤ s, we have i ∈ Λ1 ∩ · · · ∩ Λs = {m}.
Point (c) in the above list implies (A.i) and points (a), (b) imply (A.iii). For (A.ii), we
have by construction that Λs = {m} is nonempty, so there exists u∗ ∈ S

(s)
m ⊆ Sm.

By Notation 4.23, the set S
(s)
m is inductively defined as the set of u ∈ Sm such

that λk(u) = λk(dmbm) for all 0 ≤ k ≤ s, so we have λ(u∗) = λ(dmbm), hence
Equation (21) holds. □

4.4.3. Applying the Degeneration Order.

Lemma 4.26. Let R be as in Assumption 4.9. Suppose that f1, . . . , fai are di-forms
comprising a regular sequence in R, and suppose that fj ∈ k[xi] for all 1 ≤ j ≤ ai.
Then the integral closure J of (f1, . . . , fai) in R is equal to (xi)

di .
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Proof. Since k[xi] → R is faithfully flat, f1, . . . , fai form a regular sequence in k[xi].
By Theorem 2.27, the integral closure of (f1, . . . , fai) in k[xi] is (xi)

di . By Proposi-
tion 2.26 (vii), we have (xi)

di ⊆ J . On the other hand, we have (f1, . . . , fai) ⊆ (xi)
di .

By [HS06, Proposition 1.4.6], (xi)
di is integrally closed in R, so J = (xi)

di . □

Lemma 4.27. Assume the setting of Assumption 4.9. Suppose I satisfies Equa-
tion (†). Then we have the following:

(a) For all 1 ≤ i ≤ r, 1 ≤ j ≤ ai, there exists f ′
i,j ∈ k[xi] and f ′′

i,j ∈ (x1, . . . ,xi−1)

such that fi,j = f ′
i,j + f ′′

i,j.
(b) For all 1 ≤ i ≤ r, we have

√
I1 + · · ·+ Ii = (x1, . . . ,xi).

(c) For all 1 ≤ i ≤ r, the elements f ′
i,1, . . . , f

′
i,ai

form a regular sequence.

Proof. The key to this proof is the following simple observation. Let g = x
e1,1
1,1 . . . x

er,ar
r,ar

be a monomial of degree di such that wd(g) ≥ 1. If g /∈ (x1, . . . ,xi−1), then we have

1 ≤ wd(g) ≤
ei,1 + · · ·+ ei,ai

di
+

ei+1,1, · · ·+ er,ar
di+1

(30)

=
ei,1, · · ·+ er,ar

di
+ (di+1 − di)

(
ei+1,1, · · ·+ er,ar

didi+1

)
As ei,1 + · · ·+ er,ar = di and deg(g) = di we have ek,ℓ = 0 for all k < i. At the same
time, Equation (30) implies that ei+1,1 + · · ·+ er,ar = 0, so g ∈ k[xi].

For any 1 ≤ i ≤ r, 1 ≤ j ≤ ai, by Equation (†) we have supp(fi,j) ⊆ D ⊔ (x1).
By the previous paragraph, we have supp(fi,j)∩D ⊆ k[xi]⊔ (x1, . . . ,xi−1). Writing
fi,j =

∑
y∈supp(fi,j) β

(i,j)
y y, we may therefore define

f ′
i,j :=

∑
y∈supp(fi,j)∩k[xi]

β(i,j)
y y, f ′′

i,j =
∑

y∈supp(fi,j)∩(x1,...,xi−1)

β(i,j)
y y,

which proves (a).
We prove (b) and (c) simultaneously by induction. By Equation (†), I1 is a

homogeneous ideal extended from k[x1] and ht(I1) = a1, so (b) holds for i = 1. As
f1,j = f ′

1,j for 1 ≤ j ≤ a1, (c) also holds for i = 1. Suppose that (b), (c) hold for
i− 1. Then

√
I1 + · · ·+ Ii−1 = (x1, . . . ,xi−1), so we have√

I1 + · · ·+ Ii =
√
(x1, . . . ,xi−1) + (fi,1, . . . , fi,ai)(31)

=
√
(x1, . . . ,xi−1) + (f ′

i,1, . . . , f
′
i,ai

).

Taking the heights of all terms in Equation (31), we observe that the elements
f1,1, . . . , fi−1,ai−1 , f

′
i,1, . . . , f

′
i,ai

form a regular sequence. In particular, f ′
i,1, . . . , f

′
i,ai

is
a regular sequence, proving claim (c). As ht((f ′

i,1, . . . , f
′
i,ai

)) = ai and (f ′
i,1, . . . , f

′
i,ai

)

is a homogeneous ideal extended from k[xi], we have
√

(f ′
i,1, . . . , f

′
i,ai

) = (xi). Ap-
plying Equation (31) again, we deduce claim (b). □
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Lemma 4.28. Assume the setting of Assumption 4.9. Suppose I satisfies Equa-
tion (†) and I ̸⊆ D. Then there exists an integer 2 ≤ m ≤ r − 1 and dm-forms
hm,1, . . . , hm,am such that, setting

J := (x1)
d1 + · · ·+ (xm−1)

dm−1 + (hm,1, . . . , hm,am) + (xm+1)
dm+1 + · · ·+ (xr)

dr ,

we have
(i) For all 1 ≤ j ≤ am, we have hm,j = h′m,j + h′′m,j, where h′m,j ∈ k[xm], h′′m,j ∈

(x1), and wd(y) < 1 for all y ∈ supp(h′′m,j);
(ii) There exists some j such that h′′m,j ̸= 0;
(iii) J is m-primary with En(J) = En(I);
(iv) c(J) ≤ c(I).

Proof. Let f ′
i,j , f

′′
i,j be as in Lemma 4.27. Define a semigroup homomorphism ρ :

Mon(x1, . . . ,xr) → Zr
≥0 by ρ(xi,j) = bi. For 2 ≤ i ≤ r, we define

Si :=

ai⋃
j=1

ρ
(
supp(f ′′

i,j)
)
.

Set S = S2 ⊔ · · · ⊔ Sr−1. We claim that S satisfies the hypotheses (1)-(4) of
Lemma 4.19.

(1) The claim follows from the fact that f ′′
i,j is homogeneous of degree di and

deg(y) = |ρ(y)| for any monomial y ∈ R.
(2) Let y ∈ supp(f ′′

i,j) be a monomial. If y ∈ (x1), then ρ(y)1 ≥ 1. Otherwise,
as I satisfies Equation (†), we have 1 ≤ wd(y) = νd(ρ(y)).

(3) By construction, if y ∈ supp(f ′′
i,j) then y ∈ (x1, . . . ,xi−1), so ρ(y)1 + · · · +

ρ(y)i−1 ≥ 1, hence ρ(y) ̸= dibi.
(4) By assumption, we have I ̸⊆ D, thus we have fi,j /∈ D for some 1 ≤ i ≤ r, 1 ≤

j ≤ ai. By Equation (†), I1 is extended from k[x1], hence I1 ⊆ (x1)
d1 ⊆ D.

Moreover, by Lemma 3.3 we have mdr ⊆ D, hence Ir ⊆ D. We conclude that
there exists some 2 ≤ i ≤ r − 1 and some 1 ≤ j ≤ ai such that fi,j /∈ D. As
f ′
i,j ∈ mdi ∩ k[xi] ⊆ D and f ′

i,j + f ′′
i,j = fi,j /∈ D, it must be the case that

f ′′
i,j /∈ D. In particular, there exists a monomial y in the support of f ′′

i,j such
that y /∈ D. Recalling that D consists precisely of the elements f ∈ R with
wd(f) ≥ 1, for this monomial y we have ρ(y) ∈ S and νd(ρ(y)) = wd(y) < 1.

We now apply Lemma 4.19 to the set S to produce a map λ : Zr → Z and an index
2 ≤ m ≤ r − 1 such that
(A.i) For all 2 ≤ i ≤ r − 1, i ̸= m,u ∈ Si we have λ(u) < λ(dmbm).
(A.ii) We have

(21) max
u∈Sm

λ(u) = λ(dmbm).

(A.iii) For any u achieving the maximum in Equation (21) we have νd(u) < 1 and
u1 ≥ 1.
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Let inλ denote the monomial partial order given by y <λ z if λ(ρ(y)) < λ(ρ(z)).
We consider the leading terms inλ(fi,j) for 2 ≤ i ≤ r − 1, 1 ≤ j ≤ ai. For any
y ∈ supp(f ′

i,j), we have ρ(y) = dibi, and in particular λ(ρ(y)) ≤ λ(dibi). By (A.i)
and (A.ii), we have λ(ρ(y)) ≤ λ(dibi) for all y ∈ supp(f ′′

i,j). It follows that

max
y∈supp(fi,j)

λ(ρ(y)) ≤ λ(dibi).

By Lemma 4.27, the elements f ′
i,j form a regular sequence. In particular, f ′

i,j ̸= 0,
so supp(fi,j) ∩ k[xi] = supp(f ′

i,j) ̸= ∅. If yi,j ∈ supp(f ′
i,j), then we have

max
y∈supp(fi,j)

λ(ρ(y)) ≥ λ(ρ(yi,j)) = λ(dibi).

We now have an expression for the leading term inλ(fi,j). If we write fi,j =∑
y∈supp(fi,j) β

(i,j)
y y, then inλ(fi,j) is the sum over all γ

(i,j)
y y such that λ(ρ(y)) is

as large as possible. To be precise, we have
(32)
inλ(fi,j) =

∑
y∈supp(fi,j):λ(ρ(y))=λ(dibi)

β(i,j)
y y = f ′

i,j +
∑

y∈supp(f ′′
i,j):λ(ρ(y))=λ(dibi)

β(i,j)
y y.

For 1 ≤ i ≤ am, set hm,j := inλ(fm,j). With this choice of hm,1, . . . , hm,am , we verify
that J satisfies conclusions (i)-(iv) of the lemma.

(i) We set h′m,j := f ′
m,j and h′′m,j :=

∑
y∈supp(f ′′

i,j):λ(ρ(y))=λ(dibi)
γ
(i,j)
y y. By Equa-

tion (32), we have h′m,j + h′′m,j = inλ(fm,j) = hm,j . By the definition of f ′
m,j

in Lemma 4.27, we have supp(h′m,j) ⊆ k[xm]. For any y ∈ supph′′m,j , we have
y ∈ supp(f ′′

m,j), so ρ(y) ∈ Sm. We also have λ(ρ(y)) = λ(dmbm), hence by
(A.iii) we have ρ(y)1 ≥ 1 and νd(ρ(y)) < 1, hence y ∈ (x1) and wd(y) < 1.

(ii) By (A.ii), there exists u ∈ Sm such that λ(u) = λ(dmbm). By the definition
of Sm, there exists some index 1 ≤ j ≤ am and some y ∈ supp(f ′′

m,j) such
that ρ(y) = u. By Equation (32), we have y ∈ supp(h′′m,j).

(iii) We argue similarly to Equation (31). By Lemma 4.26, we have
√
(f ′

m,1, . . . , f
′
m,am) =

(xm). By Equation (32), we have hm,j ≡ f ′
m,j mod (x1), so it follows that

√
J =

√
(x1) + · · ·+ (xm−1) + (hm,1, . . . , hm,am) + (xm+1) + · · ·+ (xr)

=
√
(x1) + · · ·+ (xm−1) + (f ′

m,1, . . . , f
′
m,am) + (xm+1) + · · ·+ (xr) = m.

To see that En(J) = En(I), we note that J has the same integral closure as
the ideal

J ′ = (xd11,1, . . . , x
dm−1

m−1,am−1
, hm,1, . . . , hm,am , x

dm+1

m+1,1, . . . , x
dr
r,ar).

As J ′ is a complete intersection, by Lemma 3.8 we have

En(J) = En(J
′) =

a1
d1

+ · · ·+ ar
dr

= En(I).
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(iv) Let I ′ = (inλ(f1,1), . . . , inλ(fr,ar)). We claim that J ⊆ I ′. By Equation (32)
and (A.iii), we have inλ(fi,j) = f ′

i,j for i ̸= m. For i ̸= m, it follows from
Lemmas 4.26 and 4.27 that (xi)

di = (f ′
i,1, . . . , f

′
i,ai

) ⊆ I ′. The claim that J ⊆
I ′ follows once we note that hm,j = inλ(fi,j) ∈ I ′. To see that c(J) ≤ c(I),
by Propositions 2.10 and 2.22 we have

c(J) = c(J ′) ≤ c(I ′) = c(I ′) ≤ c(inλ(I)) ≤ c(I).

□

Lemma 4.29. Assume the setting of Assumption 4.9. Let J ⊆ R be an ideal satis-
fying conditions (i)-(iii) of Lemma 4.28. Then c(J) > En(J).

Proof. Set Jm = (hm,1, . . . , hm,am). We first prove this result in characteristic p > 0.
We claim that the assumptions on Jm imply that ess(Jm) > am. To see this,

suppose on the contrary that ess(Jm) ≤ am. As ht(Jm) = am, it must be the
case that ess(Jm) = am. By [Bai25, Lemma 3.14] we have Jm ⊆ (ℓ1, . . . , ℓam)

d

for some linearly independent 1-forms ℓ = ℓ1, . . . , ℓam ∈ R. In particular,
√
Jm =

(ℓ1, . . . , ℓam).
We can compute

√
Jm from a different perspective. By assumption, for all y ∈

supp(h′′m,j) we have y ∈ (x1) \ D. In particular, y /∈ (x1)
dm , so we have instead

y ∈ (x1) ∩ (x2, . . . ,xr). It follows that

(ℓ) =
√
Jm ⊆

√
(h′

m) + (h′′
m) ⊆ (xm) + (x1) ∩ (x2, . . . ,xr)

which implies that (ℓ) = (xm). This contradicts the assumption that h′′m,j ̸= 0 for
some index 1 ≤ j ≤ am, so we conclude that ess(Jm) > am. By [Bai25, Theorem
3.17] we have c(Jm) > am

dm
.

Let f = ht11,m . . . h
tam
m,am be a homogeneous generator of (Jm)νJm (pe) such that

f /∈ m[pe]. Write

f =
∑

y∈supp(f)

βyy, f ′ :=
∑

y∈supp(f)\m[pe]

βyy.

As f ≡ f ′ mod m[pe], we have f ′Jm ⊆ m[pe].
Applying Theorem 2.29 and Lemma 4.26 to the ideal Jm+(x1)

(x1)
, we have

(xm)amdm + (x1)

(x1)
⊆ Jm + (x1)

(x1)
.

Let µ1, . . . , µM be a minimal set of monomial generators for (xm)amdm . Subsequently,
we let µ̃1, . . . , µ̃M ∈ Jm be homogeneous elements such that µi − µ̃i ∈ (x1) for
all 1 ≤ i ≤ M . Let ≻ denote the reverse lexicographic order after putting the
variables in the order x1 ≺ · · · ≺ xr. By definition of the reverse lexicographic
order, we have y ≺ z for any y ∈ (x1), z ∈ k[x2, . . . ,xr]. In particular, we have
in≻(µ̃i) = in≻(µi + (µ̃i − µi)) = µi. It follows that (xm)amdm ⊆ in≻(Jm).

By construction, we have f /∈ m[pe] and fJm ⊆ J
νJm (pe)+1
m ⊆ m[pe]. As f ′ ≡ f

mod m[pe], we have f ′ /∈ m[pe] and f ′Jm ⊆ m[pe] + J
νJm (pe)+1
m ⊆ m[pe]. Let y :=
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in≻(f
′). As no element of supp(f ′) is in m[pe], we have y /∈ m[pe]. Additionally, we

have
in≻(f

′) in≻(Jm) ⊆ in≻(f
′Jm) ⊆ in≻(m

[pe]) = m[pe].

By Lemma 4.3, we have

(m[pe] : Jm) ⊆ (m[pe] : (xm)amdm) = m[pe] + (xm)am(pe−1)−amdm+1.

As y /∈ m[pe], we have

(33) ord(xm)(y) ≥ am(pe − 1)− amdm + 1.

Additionally, we write

f =

am∏
j=1

(h′m,j + h′′m,j)
tj =

am∏
j=1

∑
0≤t′j ,t

′′
j ≤tj

t′j+t′′j =tj

(
tj
t′j

)
(h′m,j)

tj (h′′m,j)
t′′j .

As supp(f ′) ⊆ supp(f), there exist (t′1, t
′′
1), . . . , (t

′
am , t

′′
am) such that t′j + t′′j = tj for

all 1 ≤ j ≤ am and

y ∈ supp
(
(h′m,1)

t′1(h′′m,1)
t′′1 . . . (h′m,am)

t′am (h′′m,am)
t′′am

)
.

Set J ′
m = (h′m,1, . . . , h

′
m,am). As J ′

m is extended from k[xm], by Lemma 4.26 we have
J ′
m ⊆ (xm)dm , so

t′1 + · · ·+ t′am ≤ νJ ′
m
(pe) ≤ ν(xm)dm (pe) ≤

⌊
am(pe − 1)

dm

⌋
.

By assumption, Jm ̸⊆ D. Define

σ := max
1≤j≤am

y∈supp(hm,j)\(xm)dm

wd(y),

which satisfies σ < 1 by conditions (ii) and (iv). Consequently, we have

wd(y) ≤
am∑
j=1

t′jwd(h
′
m,j) +

am∑
j=1

t′′j

(
max

z∈supp(h′′
m,j)

wd(z)

)

=

am∑
j=1

t′j +

am∑
j=1

t′′j

(
max

z∈supp(h′′
m,j)

wd(z)

)
≤

am∑
j=1

t′j + σ

am∑
j=1

t′′j

≤
⌊
am(pe − 1)

dm

⌋
+ σ

(
νJm(p

e)−
⌊
am(pe − 1)

dm

⌋)
.(34)

As in Lemma 4.3, let aβ, a+β denote the ideals {f ∈ R : wd(f) ≥ β}, {f ∈ R : wd(f) >

β} respectively. Let te denote the quantity in Equation (34); as wd(y) ≤ te we have
y /∈ a+te . By assumption, y /∈ m[pe], and as y is a monomial we have y /∈ m[pe] + a+te .
Set ue := (pe − 1)(a1d1 + · · ·+ ar

dr
). It follows from Lemma 4.3 that

y /∈ m[pe] + a+te = (m[pe] : aue−te).
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Let z ∈ aue−te such that yz /∈ m[pe]. Write z = z′z′′ where z′′ ∈ k[xm] and z′ ∈
k[x1, . . . , x̂m, . . . ,xr]. As yz /∈ m[pe], by Equation (33) we have

ord(xm)(z
′′) ≤ (pe − 1)am − ord(xm)(y) ≤ amdm,

hence wd(z
′) = wd(z) − wd(z

′′) ≥ ue − te − am. As D = (x1)d1 + · · ·+ (xr)dr , by
Theorem 2.29 we have

z′ ∈ D⌊ue−te⌋−am ⊆ ((x1)
d1 + · · ·+ (xr)

dr)⌊ue−te⌋−am−n.

Since z′ /∈ (xm), we in fact have

z′ ∈ ((x1)
d1+ · · ·+(xm−1)

dm−1+(xm+1)
dm+1(xr)

dr)⌊ue−te⌋−am−n ⊆ (J)⌊ue−te⌋−am−n.

As z′f /∈ m[pe], it follows that νJ(p
e) ≥ νJm(p

e) + ⌊ue − te⌋ − am − n. Dividing by
pe and letting e → ∞, we obtain

c(J) ≥ c(Jm) + lim
e→∞

ue
pe

− lim
e→∞

te
pe

= c(Jm) +

(
a1
d1

+ · · ·+ ar
dr

)
−
(
am
dm

(1− σ) + σc(Jm)

)
= (1− σ)

(
c(Jm)− am

dm

)
+

(
a1
d1

+ · · ·+ ar
dr

)

Since σ < 1 and c(Jm) > am
dm

, it follows that the above quantity exceeds En(J).
In characteristic zero, one notes that for any ideal J satisfying conditions (i)-(iii),

the reduction of the pair (R, J) to characteristic p ≫ 0 satisfies conditions (i)-(iii).
Moreover, the quantity σ is constant for p ≫ 0. Assuming the reduction notation of
Assumption 4.1, we have

c(J) = lim
µ∈SpecA

charA/µ→∞

c(Jµ) ≥ (1− σ)

 lim
µ∈SpecA

charA/µ→∞

c(Jm,µ)−
am
dm

+ En(J)

= (1− σ)

(
c(Jm)− am

dm

)
+ En(J) > En(J).

□

Lemmas 4.16, 4.28 and 4.29 combine to give us a proof of Theorem 5.1 in the case
of an m-primary complete intersection.

Proposition 4.30. Assume the setup of Assumption 4.9 and suppose c(I) = En(I).
Then there exists γ ∈ GLn(k) such that γI = D.

Proof. Using Lemma 4.16, we produce γ ∈ GLn(k) such that γI satisfies Equa-
tion (†). By Lemmas 4.28 and 4.29, we have γI = D. □
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5. Proof of Theorem B

In this section, we prove the main result of this article, which we restate below.

Theorem 5.1. Let k be a perfect field. Let R = k[x1, . . . , xn] and let I ⊆ R be a
homogeneous ideal with ht(I) ≥ l. If El(I) = c(I), then there exist integers d1, . . . , dl
and γ ∈ GLn(k) such that

γI =
(
xd11 , . . . , xdll

)
.

5.1. Algebraically closed fields. Throughout this subsection, fix the following
assumption.

Assumption 5.2. Let L be an uncountable, algebraically closed field. Let S =
L[x1, . . . , xn] and let I ⊆ S be a homogeneous. As in Lemma 3.2, for 1 ≤ j ≤ n,
let Sj := L[x1, . . . , xj ], πj : S → Sj the natural projection map and ιj : Sj → S the
natural embedding. Let > denote the graded reverse lexicographic order >grlex.

Definition 5.3. Let k be a field, R = k[x1, . . . , xn], I ⊆ R a homogeneous ideal,
and t ∈ Z+. We let [I]t denote the vector space of t-forms in I and we let [I]≤t

denote the direct sum of the [I]s for s ≤ t.

Definition 5.4. Let k be a field, R = k[x1, . . . , xn], and I ⊆ R a homogeneous ideal
of height l > 0. For 1 ≤ i ≤ l, let di(I) = min{j : ht[I]≤jR ≥ i}.
Lemma 5.5 (c.f. [May14]). Assume the setting of Assumption 5.2. Let γ ∈ GLn(L)
be very general: for now, we impose the condition that for all m > 0, we have
in>(γI

m) = gin>(I
m); we will impose countably many additional conditions in

Lemma 5.10. For 1 ≤ j ≤ n,m > 0, set aj,m := in>(πj(γI
m)) ⊆ Sj. For

j > 0, 1 ≤ i ≤ j, let b
(j)
i denote the ith unit vector of Rj. For j ≥ i, let

pj(i) := inf{t : tb(j)
i ∈ Γ(aj,•)}. Then for all j, we have pj(j) = pn(j).

Proof. By Lemma 3.2 we have ιj(aj,•) ⊆ an,• for all 1 ≤ j ≤ n, so pn(j) ≤
pj(j). For the reverse direction, set t = pn(j). Since tb

(n)
j ∈

⋃
m>0

1
2mΓ(an,2m),

there exists a sequence {am = (am,1, . . . , am,n)}m>0 such that am ∈ Γ(an,2m) for
all m and limm→∞ 2−mam = tb

(n)
j . For any choice of {am}m>0, we also have

(⌈am,1⌉, . . . , ⌈am,n⌉) ∈ Γ(an,2m) and limm→∞
(⌈am,1⌉,...,⌈am,n⌉)

2m = tb
(n)
j . We may there-

fore assume without loss of generality that am ∈ Zn
≥0 for all m > 0, 1 ≤ i ≤ n, hence

for all m > 0, we have xam ∈ an,2m .
By [GW15, Theorem 2.1], an,2m is Borel-fixed, so

x
am,1

1 · · ·xam,j−1

j−1 x
am,j+···+am,n

j ∈ an,2m .

We further note that aj,m = πj(an,m) by Lemma 3.2. By Proposition 2.26(iii), we
conclude

πj(x
am,1

1 · · ·xam,j−1

j−1 x
am,j+···+am,n

j ) ∈ πj(an,2m) ⊆ πj(an,2m) = aj,2m .

It follows that

tb
(j)
j = lim

m→∞

(am,1, . . . , aj−1, aj + · · ·+ an)

m
∈ Γ(aj,•),
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which proves pj(j) ≤ t = pn(j). □

Remark 5.6. Assume the setup of Lemma 5.5. A priori, there exists a sequence

{am = (am,1, . . . , am,j)}m>0 ⊆ Rj
≥0

such that for all m > 0 we have limm→∞ 2−mam = tb
(j)
j and am ∈ Γ(a2m).

Lemma 5.7 is a minor refinement, allowing us to assume that xam ∈ a2m .

Lemma 5.7. Assume the setup of Lemma 5.5. There exists a sequence {a′m}m>0 ⊆
Zj such that xa′

m ∈ aj,2m for all m > 0 and limm→∞ 2−ma′m = pj(j)b
(j)
j .

Proof. Let {am}m be as in Remark 5.6 and set a′m = (2m−⌊m/2⌋ + j − 1)a⌊m/2⌋. By
Theorem 2.29, we have

xa′
m = (xa⌊m/2⌋)2

m−⌊m/2⌋+j−1 ∈ a2
m−⌊m/2⌋+j−1

2⌊m/2⌋ ⊆ a2
m−⌊m/2⌋

2⌊m/2⌋ ⊆ a2m .

The result follows once we note that

lim
m→∞

2−ma′m = lim
m→∞

2m−⌊m/2⌋ + j − 1

2m−⌊m/2⌋ 2−⌊m/2⌋a⌊m/2⌋ = pj(j)b
(j)
j .

□

Lemma 5.8. Let k be an algebraically closed field and R = k[x1, . . . , xj ]. Let q be
a homogeneous prime ideal of height j − 1 with xj /∈ q. If > denotes the reverse
lexicographic order, then for all m > 0 we have in>(q

m) = (x1, . . . , xj−1)
m.

Proof. Since k is algebraically closed, there exist linear forms ℓ1, . . . , ℓj−1 ∈ R1

such that q = (ℓ1, . . . , ℓj−1). By [Eis95, Theorem 15.17], q and in>(q) have the
same Hilbert series. Moreover, in>(q) is a monomial ideal not containing xj , so we
must have in>(q) = (x1, . . . , xj−1). For m > 1, we have the standard containment
(x1, . . . , xj−1)

m = in>(q)
m ⊆ in>(q

m). As (x1, . . . , xj−1)
m has the same Hilbert

series as qm, the result follows. □

Lemma 5.9. Let k be a field, R = k[x1, . . . , xj ], and n = (x1, . . . , xj). If I ⊆ R is
a homogeneous ideal, then

[Int]u = [[I]u−tR]u.

Proof. First, we verify the following: if f is homogeneous of degree u − t, then
[fnt]u = [fR]u. The containment ⊆ is clear. For ⊇, if g is homogeneous and
gf ∈ [fR]u, then g ∈ nt, so gf ∈ [fnt]u.

Now let f1, . . . , fr be homogeneous elements spanning [I]u−t, and let g1, . . . , gs be
homogeneous elements such that f1, . . . , fr, g1, . . . , gs generate I and deg(gi) > u−t.
By the first paragraph, we compute

[Int]u = [(f1, . . . , fr)n
t]u + [(g1, . . . , gs)n

t]u =
r∑

i=1

[fin
t]u =

r∑
i=1

[fi]u = [[Iu−t]R]u.

□

Lemma 5.10. Assume the setup of Lemmas 5.5 and 5.7. Then for all 1 ≤ j ≤ n,
we have pn(j) = dj(I).
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Proof. Set dj := dj(I). Before we begin the proof, we first state the additional gen-
erality conditions on γ. For all m > 0, assume that in>(πj(γI

m)) = gin>(πj(γI
m)).

Since htπj(γ[I]≤dj−1R) ≤ ht γ
[
I]≤dj−1R

)
< j, there is some 1 ≤ i ≤ j such that

xi /∈
√
πj(γ[I]≤dj−1)R; we choose γ such that xj /∈

√
πj(γ[I]≤dj−1R). Each of these

conditions is satisfied by a general choice of γ, so they may be realized simultaneously
by a very general choice of γ.

Set J = πj(γI). Write J1 = [J ]≤dj−1R, and let J2 be the ideal generated by the
minimal homogeneous generators of J with degree at least dj so that J = J1 + J2
and J2 ⊆ mdj . By construction of γ, in the language of Lemma 5.5 we have aj,m =

in>(J
m). Also by construction, we have xj /∈

√
[J ]≤dj−1, so we may choose a minimal

prime p over J1 such that xj /∈ p. As ht p ≤ j − 1, we may choose a homogeneous
prime ideal q ⊇ p such that ht q = j − 1 and xj /∈ q. By Lemma 5.8, we have
in>(q

m) = (x1, . . . , xj−1)
m for all m > 0.

By Lemma 5.7, choose a sequence {am}m>0 such that xam ∈ a2m for all m > 0

and limm→∞ 2−mam = pj(j)b
(j)
j . Let em := am,1 + · · · + am,j . For all m > 0, we

have

(35) [J2m ]em =

 ∑
a+b=2m

a+bdj≤em

J1 + J2


em

We have shown that J1 ⊆ q and J2 ⊆ mdj . By Equation (35) and Lemma 5.9, we
have

xam ∈ [J2m ]em ⊆

 ∑
a+b=2m

a+bdj≤em

qambdj


em

=
∑

a+b=2m

a+bdj≤em

[
qambdj

]
em

=
∑

a+b=2m

a+bdj≤em

=

[
q
2m−

⌊
em
dj

⌋]
em

.

Taking initial terms of both sides, we have xam ∈ (x1, . . . , xj−1)
2m−

⌊
em
dj

⌋
. Conse-

quently, we have am,1 + · · · + am,j−1 ≥ 2m −
⌊
em
dj

⌋
. As limm→∞ 2−m(am,1 + · · · +

am,j−1) = 0, this yields

0 ≥ lim inf
m→∞

2−m

(
2m −

⌊
em
dj

⌋)
= 1− 1

dj
lim sup
m→∞

am,j

2m
= 1− pj(j)

dj
.

From the above equation, we have pj(j) ≥ dj . For the reverse containment, we have
by Lemma 3.3 that mdj ⊆ J . It follows from Theorem 2.29 that x

(m+j−1)dj
j ∈ Jm

for all m > 0, hence pj(j) ≤ dj . □
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Lemma 5.11. Let R = k[x1, . . . , xn] and let m = (x1, . . . , xn). Let I ⊆ R be a
homogeneous ideal and J ⊆ m any ideal. Then we have⋂

t>0

I + J t = I.

Proof. By [HS06, Corollary 6.8.5], we have

IRm ⊆
⋂
t>0

IRm + J tRm ⊆
⋂
t>0

IRm +mtRm = IRm.

By Proposition 2.26 (v), we have IRm = IRm. The ideal I is homogeneous by
[HS06, Corollary 5.2.3], so IRm ∩ R = I. We have the following, from which the
claim follows.

I ⊆
⋂
t>0

(
IRm + J tRm ∩R

)
⊆ IRm ∩R = I.

□

We are now able to prove Theorem 5.1 in the case that k is algebraically closed.

Proof. If ht(I) ≥ l+1, then c(I) ≥ El+1(I) > El(I), so we must have ht(I) = l. Let
ℓl+1, . . . , ℓn be general linear forms and set L = V (ℓl+1, . . . , ℓn). By Proposition 2.42,
we have El(I) = El(I|L) ≤ c(I|L) ≤ c(I), so we again have El(I) = c(I|L). We’ll
compute d1(I|L), . . . , dl(I|L). Field extensions are faithfully flat, so ht([I]≤t|L) is
preserved under field extension, hence so are the quantities d1(I|L), . . . , dl(I|L). We
may without loss of generality assume k is uncountable and algebraically closed.

Let γ ∈ GLn(k) be as in Lemmas 5.5 and 5.10 with respect to the ideal I|L, and
set am = in>(γ(I|L)m) = gin>((I|L)m). As c(I|L) = El(I), by Corollary 3.11 we
have

(36) Rl
≥0 \ Γ(a•) = conv

(
0, e1(I|L)b(l)

1 ,
e2(I|L)
e1(I|L)

b
(l)
2 , . . . ,

el(I|L)
el−1(I|L)

b
(l)
l

)
.

The quantities pn(1), . . . , pl(l) can be read off from Equation (36), so we have
ej(I|L)

ej−1(I|L) = dj(I|L) for all 1 ≤ i ≤ l.
For 1 ≤ j ≤ l, let fi be an element of [I]dj whose image mod (ℓl+1, . . . , ℓn) is

general. As ht[I|L]dj ≥ j, it follows that f1, . . . , fl, ℓl+1, . . . , ℓn is a regular sequence.
Let J = (f1, . . . , fl). By Lemma 3.8 we have El(J) = El(I). For t > 0, set
Jt = J + (ℓtl+1, . . . , ℓ

t
n) and set It = I + (ℓtl+1, . . . , ℓ

t
n). Since Jt ⊆ It is a complete

intersection, Lemma 3.8 and Propositions 2.10 and 2.39 give

(37) El(J) +
n− l

t
= El(Jt) ≤ El(It).

Combining Equation (37) with Theorem 3.9 and Proposition 2.10 (v) gives

El(J) +
n− l

t
≤ El(It) ≤ c(It) ≤ c(I) + c((ℓtl+1, . . . , ℓ

t
n)) = El(I) +

n− l

t
.

In particular, we have El(It) = El(Jt) = c(Jt). Set

Dt := (x
d1(I)
1 , . . . , x

dl(I)
l , xtl+1, . . . , x

t
l).
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By Proposition 4.30, there exists γ ∈ GLn(k) such that γtJt = Dt. Consequently, as
Dt ⊆ γtIt and El(It) = El(Dt), by Proposition 2.39 we have Dt = It.

Set D = (x
d1(I)
1 , . . . , x

dl(I)
l ). Let d be the maximum degree of an irredundant

generator of D or I. The k-vector space of forms of degree ≤ d in R is finite-
dimensional, so the infinite descending chain [D1]≤d ⊇ [D2]≤d ⊇ . . . — the limit
of which is [D]≤d by Lemma 5.11 — must stabilize; there exists t0 ≫ 0 such that
[Dt]≤d = [D]≤d for all t ≥ t0. Similarly, there exists t1 ≫ 0 such that [It]≤d = [I]≤d

for all t ≥ t1. For t = max(t1, t2), we have

γt[I]≤d = γt[It]≤d = [Dt]≤d = [D]≤d.

As γtI,D are generated in degree ≤ d, it follows that γtI = D. □

5.2. Perfect fields. The following lemmas, together with the algebraically closed
case of Theorem 5.1, allow us to generalize to the case of a perfect field.

Lemma 5.12. Let L be a field. For 1 ≤ i ≤ r, let xi = xi,1, . . . , xi,ai be a tuple
of variables over L. Set S = L[x1, . . . ,xr, y1, . . . , ys]. Let e1 < · · · < er be positive
integers and set

D = (xe11,1, . . . , x
er
r,ar).

If γ ∈ GLa1+···+ar+s fixes the flag(
0 ⊆ spanL(x1) ⊆ . . . spanL(x1, . . . ,xr)

)
,

then γD = D.

Proof. Let we denote the monomial valuation with we(xi,j) = 1
ei

and we(yi) = 0.
Then D consists precisely of the elements f ∈ S such that we(f) ≥ 1. By the
assumption on γ, we have γ(xeii,j) ∈ (x1, . . . ,xi)

ei , hence we(γx
ei
i,j) ≥ 1. It follows

that
γD = (γxe11,1, . . . , γx

er
r,ar) ⊆ D = D.

By symmetry, we conclude that γD = D. □

Lemma 5.13. Let k be a field and L/k a separable field extension. Set R =

k[x1, . . . , xn] and S = L[x1, . . . , xn]. Let d1, . . . , dl ∈ Z+ and set D = (xd11 , . . . , xdll ) ⊆
R. Suppose that I ⊆ R is a homogeneous ideal and that there exists γL ∈ GLn(L)
such that

(38) γLIS = DS.

Then there exists γk ∈ GLn(k) such that

(39) γkI = D.

Proof. By [HS06, Propositions 19.1.1, 19.1.2 and Corollary 19.5.2], we have IS = IS,
so we may replace I by I and ignore the integral closure in Equations (38) and (39).

Suppose that d1, . . . , dl take the values e1, . . . , er with multiplicities a1, . . . , ar
respectively and that e1 < · · · < er. Re-index the variables x1, . . . , xl, xl+1, . . . , xn
as x1, . . . ,xr, yl+1, . . . , yn where xi = xi,1, . . . , xi,ai . For 1 ≤ i ≤ r, let Ii denote
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the ideal generated by [I]≤ei . Since L/k is separable, the ring S/
√
IiS is reduced,

so
√
IiS =

√
IiS. As

√
IiS = γ−1

L (x1, . . . ,xi), it follows that
√
Ii is generated by

a1 + · · ·+ ai linear forms.
Let γk ∈ GLn(k) such that

γk

( [√
I1

]
1
⊆ · · · ⊆

[√
Ir

]
1

)
=
(
spank(x1) ⊆ · · · ⊆ spank(x1, . . . ,xr)

)
as flags in span(x1, . . . ,xr). By construction, γkγ−1

L ∈ GLn(L) fixes the flag(
spanL(x1) ⊆ · · · ⊆ spanL(x1, . . . ,xr)

)
.

By Lemma 5.12, we deduce that

γkIS = γkγ
−1
L γLIS = γkγ

−1
L DS = DS.

By faithful flatness of R → S, we conclude

γkI = (γkI)S ∩R = (DS) ∩R = D.

□

We now deduce Theorem 5.1.

Proof of Theorem 5.1. Set L = k and let S = L[x1, . . . , xn]. By Proposition 2.10 (vi)
and Lemma 2.43 we have c(IS) = c(I) = El(I) = El(IS). By Theorem 5.1 in the
algebraically closed case, it follows that there exists γL ∈ GLn(L), d1, . . . , dl ∈ Z+

such that Equation (38) holds. Because k is perfect, the extension L/k is separable,
so Lemma 5.13 implies that there exists γk ∈ GLn(k) such that Equation (39) holds,
proving the theorem. □

To conclude this section, we note that the assumption on k cannot be weakened.

Example 5.14. Let k be a field of characteristic p > 0 and t ∈ k\kp. Let R = k[x, y]
and set I = (xp + typ). Then c(I) = 1

p = E1(I), but I is not generated by a power
of a linear form.

6. Extensions of Theorem B in Characteristic Zero

One can ask whether Theorem 5.1 can be generalized to the local case. We
note that the answer is “no” in positive characteristic, and we pose a conjecture
generalizing Theorem 5.1 over the complex numbers.

Example 6.1. Let R = FpJx, yK, and let I = (xp + yp+1) ⊆ R. Then E1(I) =
1
p =

fpt(I), but I = I and there are no coordinates for R in which I is a monomial ideal.

For a complete description of when E1(I) = c(I) in positive characteristic, see
[Bai26]. Whereas Theorem 5.1 fails to generalize to the local case in char p > 0, we
are optimistic that a stronger result is possible in characteristic zero. Our conjecture
extends [BA24, Remark 3.7] to the case of arbitrary codimension.
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Conjecture 6.2. Let R = CJx1, . . . , xnK. Let I ⊆ R be an ideal with ht(I) ≥ l. Then
lct(I) = El(I) if and only if there exists a regular system of parameters y1, . . . , yn

for R and positive integers d1, . . . , dl such that I = (yd11 , . . . , ydll ).

We note that Conjecture 6.2, if proven, would be strong enough to give an alternate
proof of Theorem 5.1 over C.

Proof. Let R = C[x1, . . . , xn]. Let I be a homogeneous ideal with ht(I) ≥ l and
El(I) = lct(I). Set S = CJx1, . . . , xnK. Notation 2.9 and Definition 2.40 imply that
El(IS) = El(I) and lct(IS) = lct(I), so by Conjecture 6.2 there exists a regular
system of parameters y1, . . . , yn for S such that IS = (yd11 , . . . , ydll ).

Write each yi as a power series in x1, . . . , xn and let z1, . . . , zn be the homogeneous
degree-1 terms of y1, . . . , yn. As yi ≡ zi mod m2, the forms z1, . . . , zn in R generate
the homogeneous maximal ideal of R.

As I is homogeneous, so is I, hence I = IS∩R. In particular, we have zd11 , . . . , zdll ∈
I. By considering the homogeneous ideals I + (ztl+1, . . . , z

t
n) for t > 0 (which evi-

dently satisfy En = lct) and running an argument similar to Theorem 5.1, we deduce
that I = (zd11 , . . . , zdll ). □

We propose a stronger conjecture in terms of valuations. Let R = CJx1, . . . , xnK.
Let v : R → [0,∞] be a valuation and let AR(v) be the log discrepancy as in [JM12].
For each positive integer n, define an(v) = {f ∈ R : v(f) ≥ n. By [JM12, Corollary
6.9] and [Blu18, Lemma 3.5], we have

(40) lct(a•(v)) ≤ AR(v)

If v is centered on a prime ideal p of height at least l, then for m ≫ 0 we have√
am(v) = p and so ht(am(v)) ≥ l. Consequently, we have El(a•(v)) ≤ AR(v).

Conjecture 6.3. Let R, v, an(v) be as above and assume v is centered on a prime
ideal of height at least l. If El(a•(v)) = AR(v) then v is a monomial valuation.

We conclude this article by demonstrating that Conjecture 6.3 implies Conjec-
ture 6.2. First, a few preparatory results.

Definition 6.4. Let (R,m) be a Noetherian local ring and I ⊆ R an ideal. The
fiber cone of I is the ring

FI =
⊕
n≥0

In

mIn
.

The analytic spread of I, denoted ℓ(I), is the dimension of FI .

Theorem 6.5 ([HS06], Theorem 8.3.7). Let (R,m) be a Noetherian local ring such
that R/m is infinite. If I ⊆ R is a proper ideal, then ℓ(I) is equal to the least number
of generators of an ideal J ⊆ I such that I = J .

Lemma 6.6. Let (R,m) be a regular local ring of dimension n. Let 1 ≤ l ≤ n and
let I ⊆ J be ideals of height l. If σl(I) = σl(J) and the analytic spread of J is equal
to l, then I = J .
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Proof. Replacing R with R[X]mR[X] changes neither the hypotheses nor the con-
clusion by [HS06, Lemma 8.4.2]; we may without loss of generality assume that
R/m is infinite. By Proposition 2.37 (ii) and (iii), choose f1, . . . , fl ∈ I such that,
with I ′ = (f1, . . . , fl), we have σl(I) = σl(I

′). Moreover, by Theorem 6.5 we have
ℓ(I ′) = l.

Let c0(I), . . . , cn(I) denote the multiplicity sequence of Achilles and Manaresi
[AM97, Definition 2.2]. By [AMP19, Corollaries 2.6 and 2.7], for K ∈ {I ′, J} we
have cn−l(K) = σl(K). Moreover, by [AM97, Proposition 2.3 (i)] we have ci(K) = 0
for i ̸= n− d, so I ′, J have the same multiplicity sequence. It follows from [Pol+20,
Theorem 4.2] that I ′ = J , which implies the claim. □

Proposition 6.7. If Conjecture 6.3 holds in dimension n and codimension l, then
Conjecture 6.2 holds in dimension n and codimension l.

Proof. Let I ⊆ R be an ideal of height at least l such that El(I) = lct(I). By
Definition-Proposition 2.3, choose a divisorial valuation v : R → [0,∞] such that
lct(I) = AR(I)

v(I) . Letting w = v
v(I) , we have w(I) = 1 and AR(w) = lct(I). As

w(I) = 1, we have In ⊆ an(w) for all n > 0, so ht(w) ≥ l and El(a•(w)) ≥ El(I).
It follows from Theorem 3.9 and eq. (40) that

(41) lct(I) = El(I) ≤ El(a•(w)) ≤ lct(a•(w)) ≤ AR(w) = lct(I),

so in particular El(a•(w)) = AR(w). By Conjecture 6.3, w is a monomial valuation
in some local coordinates z1, . . . , zn for R with w(z1) ≥ w(z2) ≥ · · · ≥ w(zn).
Since σj(I) ≤ σj(a•(w)) for 1 ≤ j ≤ l and El(I) = El(a•(w)), we conclude
σj(I) = σj(a•(w)) by [BA17, Proposition 10]. We can read off the invariants
σ1(a•(w)), . . . , σl(a•(w)) from the weights w(zi). In particular, we have σj(a•(w)) =

1
w(z1)...w(zj)

, hence w(zj) =
σj−1(I)
σj(I)

for all 1 ≤ j ≤ l. Moreover, by definition of the
log discrepancy for quasi-monomial valuations we have AR(w) = w(z1)+ · · ·+w(zn),
so we must have w(zl+1) = · · · = w(zn) = 0.

By construction, I ⊆ a1(w). If the numbers 1
w(z1)

, . . . , 1
w(zl)

are not all integers,
then Γ(a1(w)) ⊊ Γ(a•(w)) – but this would imply

lct(I) ≤ lct(a1(w)) < lct(a•(w)),

which is impossible by Equation (41). Write di =
1

w(zi)
for 1 ≤ i ≤ l. We are now

in the situation where I ⊆ (zd11 , . . . , zdll ) =: D and El(I) = El(D). Since D is the
integral closure of an ideal generated by l elements, we have ℓ(D) = l. By Lemma 6.6
we deduce that I = D. □

The following argument is well-known to experts.

Proposition 6.8. Conjecture 6.3 holds in codimension l = 1.

Proof. If v is centered on a prime ideal of height 2 or more, then ht(a•(v)) ≥ 2
and hence AR(v) ≥ lct(a•(v)) ≥ E2(v) > E1(v). Consequently, in order to have
E1(v) = AR(v), it must be the case that v is centered on a principal prime ideal
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fR, hence v = c ordf for some irreducible f ∈ R and some c ∈ R+. We deduce that
E1(f) = lct(f), hence f is a power of a local coordinate by [GZ15]. □

Proposition 6.9. Conjecture 6.3 holds in dimension 2.

Proof. By Proposition 6.8, it remains to consider the case l = 2. Suppose E2(v) =
AR(v). Without loss of generality, normalize v so that v(m) = 1. Let α(v) =
supf∈m v(f)/ ordm(f) denote the skewness of α as in [FJ04]. By [BFJ14, Remark 4.9],
we have e1(a•(v)) = e2(a•(v)) =

1
α(v) , so E2(v) = 1 + α(v). By [FJ04, Proposition

3.48 (i)], we have 1 + α(v) ≤ AR(v) with equality if and only if v is a monomial
valuation, proving the claim. □

References

[AM97] R. Achilles and M. Manaresi. “Multiplicities of a bigraded ring and in-
tersection theory”. In: Math. Ann. 309.4 (1997), pp. 573–591. issn: 0025-
5831,1432-1807. doi: 10.1007/s002080050128.

[AMP19] R. Achilles, M. Manaresi, and T. Pruschke. “Mixed multiplicities, Segre
numbers and Segre classes”. In: J. Algebra 525 (2019), pp. 390–415. issn:
0021-8693,1090-266X. doi: 10.1016/j.jalgebra.2019.01.028.

[BA08] Carles Bivià-Ausina. “Joint reductions of monomial ideals and multiplic-
ity of complex analytic maps”. In: Math. Res. Lett. 15.2 (2008), pp. 389–
407. issn: 1073-2780. doi: 10.4310/MRL.2008.v15.n2.a15.

[BA17] Carles Bivià-Ausina. “Log canonical threshold and diagonal ideals”. In:
Proc. Amer. Math. Soc. 145.5 (2017), pp. 1905–1916. issn: 0002-9939,1088-
6826. doi: 10.1090/proc/13382.

[BA24] Carles Bivià-Ausina. The log canonical threshold of products of ideals and
mixed Łojasiewicz exponents. 2024. arXiv: 2409.14251 [math.AC].

[Bai25] Benjamin Baily. On lower bounds for the F-pure threshold of equigener-
ated ideals. 2025. arXiv: 2506.18891 [math.AC].

[Bai26] Benjamin Baily. Extremal F-thresholds in regular local rings. 2026. arXiv:
2601.19885 [math.AC].

[Ben+15] Angélica Benito et al. “Singularities of locally acyclic cluster algebras”.
In: Algebra Number Theory 9.4 (2015), pp. 913–936. issn: 1937-0652,1944-
7833. doi: 10.2140/ant.2015.9.913.

[BFJ14] Sébastien Boucksom, Charles Favre, and Mattias Jonsson. “A refinement
of Izumi’s theorem”. In: Valuation theory in interaction. EMS Ser. Congr.
Rep. Eur. Math. Soc., Zürich, 2014, pp. 55–81. isbn: 978-3-03719-149-1.

[Blu18] Harold Blum. “Existence of valuations with smallest normalized volume”.
In: Compos. Math. 154.4 (2018), pp. 820–849. issn: 0010-437X,1570-
5846. doi: 10.1112/S0010437X17008016.

[BS15] Bhargav Bhatt and Anurag K. Singh. “The F -pure threshold of a Calabi-
Yau hypersurface”. In: Math. Ann. 362.1-2 (2015), pp. 551–567. issn:
0025-5831,1432-1807. doi: 10.1007/s00208-014-1129-0.

https://doi.org/10.1007/s002080050128
https://doi.org/10.1016/j.jalgebra.2019.01.028
https://doi.org/10.4310/MRL.2008.v15.n2.a15
https://doi.org/10.1090/proc/13382
https://arxiv.org/abs/2409.14251
https://arxiv.org/abs/2506.18891
https://arxiv.org/abs/2601.19885
https://doi.org/10.2140/ant.2015.9.913
https://doi.org/10.1112/S0010437X17008016
https://doi.org/10.1007/s00208-014-1129-0


44 REFERENCES

[DK01] Jean-Pierre Demailly and János Kollár. “Semi-continuity of complex sin-
gularity exponents and Kähler-Einstein metrics on Fano orbifolds”. In:
Ann. Sci. École Norm. Sup. (4) 34.4 (2001), pp. 525–556. issn: 0012-
9593. doi: 10.1016/S0012-9593(01)01069-2.

[DP14] Jean-Pierre Demailly and Hoang Hiep Pham. “A sharp lower bound for
the log canonical threshold”. In: Acta Math. 212.1 (2014), pp. 1–9. issn:
0001-5962,1871-2509. doi: 10.1007/s11511-014-0107-4.

[DSB18] Alessandro De Stefani and Luis Núñez Betancourt. “F -thresholds of
graded rings”. In: Nagoya Math. J. 229 (2018), pp. 141–168. issn: 0027-
7630,2152-6842. doi: 10.1017/nmj.2016.65.

[DSBP18] Alessandro De Stefani, Luis Núñez Betancourt, and Felipe Pérez. “On
the existence of F -thresholds and related limits”. In: Trans. Amer. Math.
Soc. 370.9 (2018), pp. 6629–6650. issn: 0002-9947,1088-6850. doi: 10.
1090/tran/7176.

[Eis+] David Eisenbud et al. ReesAlgebra: A Macaulay2 package. Version 2.3.
A Macaulay2 package available at https://github.com/Macaulay2/
M2/tree/master/M2/Macaulay2/packages.

[Eis95] David Eisenbud. Commutative algebra. Vol. 150. Graduate Texts in Math-
ematics. With a view toward algebraic geometry. Springer-Verlag, New
York, 1995, pp. xvi+785. isbn: 0-387-94268-8; 0-387-94269-6. doi: 10.
1007/978-1-4612-5350-1.

[EM21] Eva Elduque and Mircea Mustaţă. “On a conjecture of Teissier: the case
of log canonical thresholds”. In: Mat. Sb. 212.3 (2021), pp. 175–192. issn:
0368-8666,2305-2783. doi: 10.4213/sm9442.

[FEM03] Tommaso de Fernex, Lawrence Ein, and Mircea Mustaţă. “Bounds for log
canonical thresholds with applications to birational rigidity”. In: Math.
Res. Lett. 10.2-3 (2003), pp. 219–236. issn: 1073-2780. doi: 10.4310/
MRL.2003.v10.n2.a9.

[FEM04] Tommaso de Fernex, Lawrence Ein, and Mircea Mustaţă. “Multiplicities
and log canonical threshold”. In: J. Algebraic Geom. 13.3 (2004), pp. 603–
615. issn: 1056-3911,1534-7486. doi: 10.1090/S1056-3911-04-00346-
7.

[Fer26] Tommaso de Fernex. Personal communication. 2026.
[FJ04] Charles Favre and Mattias Jonsson. The valuative tree. Vol. 1853. Lecture

Notes in Mathematics. Springer-Verlag, Berlin, 2004, pp. xiv+234. isbn:
3-540-22984-1. doi: 10.1007/b100262.

[FM09] Tommaso de Fernex and Mircea Mustaţă. “Limits of log canonical thresh-
olds”. In: Ann. Sci. Éc. Norm. Supér. (4) 42.3 (2009), pp. 491–515. issn:
0012-9593,1873-2151. doi: 10.24033/asens.2100.

[GS] Daniel R. Grayson and Michael E. Stillman. Macaulay2, a software sys-
tem for research in algebraic geometry. Available at http : / / www2 .
macaulay2.com.

https://doi.org/10.1016/S0012-9593(01)01069-2
https://doi.org/10.1007/s11511-014-0107-4
https://doi.org/10.1017/nmj.2016.65
https://doi.org/10.1090/tran/7176
https://doi.org/10.1090/tran/7176
https://github.com/Macaulay2/M2/tree/master/M2/Macaulay2/packages
https://github.com/Macaulay2/M2/tree/master/M2/Macaulay2/packages
https://doi.org/10.1007/978-1-4612-5350-1
https://doi.org/10.1007/978-1-4612-5350-1
https://doi.org/10.4213/sm9442
https://doi.org/10.4310/MRL.2003.v10.n2.a9
https://doi.org/10.4310/MRL.2003.v10.n2.a9
https://doi.org/10.1090/S1056-3911-04-00346-7
https://doi.org/10.1090/S1056-3911-04-00346-7
https://doi.org/10.1007/b100262
https://doi.org/10.24033/asens.2100
http://www2.macaulay2.com
http://www2.macaulay2.com


REFERENCES 45

[GW15] Jin Guo and Tongsuo Wu. “Monomial ideals under ideal operations”. In:
Comm. Algebra 43.11 (2015), pp. 4745–4762. issn: 0092-7872,1532-4125.
doi: 10.1080/00927872.2014.952012.

[GZ15] Qi’an Guan and Xiangyu Zhou. “Characterization of multiplier ideal
sheaves with weights of Lelong number one”. In: Adv. Math. 285 (2015),
pp. 1688–1705. issn: 0001-8708,1090-2082. doi: 10.1016/j.aim.2015.
08.002.

[Her16] Daniel J. Hernández. “F -purity versus log canonicity for polynomials”.
In: Nagoya Math. J. 224.1 (2016), pp. 10–36. issn: 0027-7630,2152-6842.
doi: 10.1017/nmj.2016.14.

[Hie25] Pham Hoang Hiep. Singularity invariants of plurisubharmonic functions
and complex spaces. 2025. arXiv: 2304.02238 [math.CV].

[How01] J. A. Howald. “Multiplier ideals of monomial ideals”. In: Trans. Amer.
Math. Soc. 353.7 (2001), pp. 2665–2671. issn: 0002-9947,1088-6850. doi:
10.1090/S0002-9947-01-02720-9.

[HS06] Craig Huneke and Irena Swanson. Integral closure of ideals, rings, and
modules. Vol. 336. London Mathematical Society Lecture Note Series.
Cambridge University Press, Cambridge, 2006, pp. xiv+431. isbn: 978-
0-521-68860-4.

[HT04] Nobuo Hara and Shunsuke Takagi. “On a generalization of test ideals”.
In: Nagoya Math. J. 175 (2004), pp. 59–74. issn: 0027-7630,2152-6842.
doi: 10.1017/S0027763000008904.

[Hun+08] Craig Huneke et al. “F-thresholds, tight closure, integral closure, and
multiplicity bounds”. In: vol. 57. Special volume in honor of Melvin
Hochster. 2008, pp. 463–483. doi: 10.1307/mmj/1220879419.

[HY03] Nobuo Hara and Ken-Ichi Yoshida. “A generalization of tight closure and
multiplier ideals”. In: Trans. Amer. Math. Soc. 355.8 (2003), pp. 3143–
3174. issn: 0002-9947,1088-6850. doi: 10.1090/S0002-9947-03-03285-
9.

[JM12] Mattias Jonsson and Mircea Mustaţă. “Valuations and asymptotic in-
variants for sequences of ideals”. In: Ann. Inst. Fourier (Grenoble) 62.6
(2012), pp. 2145–2209. issn: 0373-0956,1777-5310. doi: 10.5802/aif.
2746.

[Kad+22] Zhibek Kadyrsizova et al. “Lower bounds on the F -pure threshold and
extremal singularities”. In: Trans. Amer. Math. Soc. Ser. B 9 (2022),
pp. 977–1005. issn: 2330-0000. doi: 10.1090/btran/106.

[Kim21] Dano Kim. “On a question of Teissier”. In: Ann. Mat. Pura Appl. (4)
200.5 (2021), pp. 2305–2311. issn: 0373-3114,1618-1891. doi: 10.1007/
s10231-021-01081-x.

[Laz04] Robert Lazarsfeld. Positivity in algebraic geometry. II. Vol. 49. Ergeb-
nisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Mod-
ern Surveys in Mathematics [Results in Mathematics and Related Ar-
eas. 3rd Series. A Series of Modern Surveys in Mathematics]. Positivity

https://doi.org/10.1080/00927872.2014.952012
https://doi.org/10.1016/j.aim.2015.08.002
https://doi.org/10.1016/j.aim.2015.08.002
https://doi.org/10.1017/nmj.2016.14
https://arxiv.org/abs/2304.02238
https://doi.org/10.1090/S0002-9947-01-02720-9
https://doi.org/10.1017/S0027763000008904
https://doi.org/10.1307/mmj/1220879419
https://doi.org/10.1090/S0002-9947-03-03285-9
https://doi.org/10.1090/S0002-9947-03-03285-9
https://doi.org/10.5802/aif.2746
https://doi.org/10.5802/aif.2746
https://doi.org/10.1090/btran/106
https://doi.org/10.1007/s10231-021-01081-x
https://doi.org/10.1007/s10231-021-01081-x


46 REFERENCES

for vector bundles, and multiplier ideals. Springer-Verlag, Berlin, 2004,
pp. xviii+385. isbn: 3-540-22534-X. doi: 10.1007/978-3-642-18808-4.

[LS81] Joseph Lipman and Avinash Sathaye. “Jacobian ideals and a theorem of
Briançon-Skoda”. In: Michigan Math. J. 28.2 (1981), pp. 199–222. issn:
0026-2285,1945-2365.

[May14] Sarah Mayes. “The limiting shape of the generic initial system of a com-
plete intersection”. In: Comm. Algebra 42.5 (2014), pp. 2299–2310. issn:
0092-7872,1532-4125. doi: 10.1080/00927872.2012.758271.

[MTW05] Mircea Mustaţă, Shunsuke Takagi, and Kei-ichi Watanabe. “F-thresholds
and Bernstein-Sato polynomials”. In: European Congress of Mathematics.
Eur. Math. Soc., Zürich, 2005, pp. 341–364. isbn: 3-03719-009-4.

[Mus02] Mircea Mustaţă. “On multiplicities of graded sequences of ideals”. In:
J. Algebra 256.1 (2002), pp. 229–249. issn: 0021-8693,1090-266X. doi:
10.1016/S0021-8693(02)00112-6.

[Mus12] Mircea Mustaţă. “IMPANGA lecture notes on log canonical thresholds”.
In: Contributions to algebraic geometry. EMS Ser. Congr. Rep. Notes
by Tomasz Szemberg. Eur. Math. Soc., Zürich, 2012, pp. 407–442. isbn:
978-3-03719-114-9. doi: 10.4171/114-1/16.

[Pol+20] Claudia Polini et al. “Multiplicity sequence and integral dependence”.
In: Math. Ann. 378.3-4 (2020), pp. 951–969. issn: 0025-5831,1432-1807.
doi: 10.1007/s00208-020-02059-5.

[PRS24] Janet Page, Tim Ryan, and Karen E. Smith. Smooth Surfaces with Max-
imal Lines. 2024. arXiv: 2406.15868 [math.AG].

[Ras15] Alexander Rashkovskii. “Extremal cases for the log canonical threshold”.
In: C. R. Math. Acad. Sci. Paris 353.1 (2015), pp. 21–24. issn: 1631-
073X,1778-3569. doi: 10.1016/j.crma.2014.11.002.

[Roc70] R. Tyrrell Rockafellar. Convex analysis. Vol. No. 28. Princeton Mathe-
matical Series. Princeton University Press, Princeton, NJ, 1970, pp. xviii+451.

[Sko72] Henri Skoda. “Sous-ensembles analytiques d’ordre fini ou infini dans Cn”.
In: Bull. Soc. Math. France 100 (1972), pp. 353–408. issn: 0037-9484.

[Smi20] Ilya Smirnov. “On semicontinuity of multiplicities in families”. In: Doc.
Math. 25 (2020), pp. 381–400. issn: 1431-0635,1431-0643.

[Tak04] Shunsuke Takagi. “F-singularities of pairs and inversion of adjunction
of arbitrary codimension”. In: Invent. Math. 157.1 (2004), pp. 123–146.
issn: 0020-9910,1432-1297. doi: 10.1007/s00222-003-0350-3.

[Tak06] Shunsuke Takagi. “Formulas for multiplier ideals on singular varieties”.
In: Amer. J. Math. 128.6 (2006), pp. 1345–1362. issn: 0002-9327,1080-
6377.

[TW04] Shunsuke Takagi and Kei-ichi Watanabe. “On F-pure thresholds”. In:
J. Algebra 282.1 (2004), pp. 278–297. issn: 0021-8693,1090-266X. doi:
10.1016/j.jalgebra.2004.07.011.

[TXZ24] Siyong Tao, Zida Xiao, and Huaiqing Zuo. Bernstein-Sato roots for weighted
homogeneous singularities in positive characteristic. 2024. arXiv: 2410.
20188v1 [math.AC].

https://doi.org/10.1007/978-3-642-18808-4
https://doi.org/10.1080/00927872.2012.758271
https://doi.org/10.1016/S0021-8693(02)00112-6
https://doi.org/10.4171/114-1/16
https://doi.org/10.1007/s00208-020-02059-5
https://arxiv.org/abs/2406.15868
https://doi.org/10.1016/j.crma.2014.11.002
https://doi.org/10.1007/s00222-003-0350-3
https://doi.org/10.1016/j.jalgebra.2004.07.011
https://arxiv.org/abs/2410.20188v1
https://arxiv.org/abs/2410.20188v1

	1. Introduction
	Acknowledgments

	2. Preliminaries
	2.1. F-Pure and Log Canonical Thresholds
	2.2. Monomial Ideals
	2.3. Integral Closure of Ideals
	2.4. Mixed Multiplicities and the Demailly-Pham Invariant

	3. Proof of Theorem A
	3.1. F-Pure Thresholds and the Demailly-Pham Invariant

	4. Theorem B in the Complete Intersection Case
	4.1. Behavior of the Singularity Threshold Under Modification
	4.2. Induction Setup
	4.3. Step (2): For r>=3, Ar-1 combined with A2 implies Br.
	4.4. Step (3): Br implies Ar.

	5. Proof of Theorem B
	5.1. Algebraically closed fields
	5.2. Perfect fields

	6. Extensions of Theorem B in Characteristic Zero
	References

