ON LOWER BOUNDS FOR THE F-PURE THRESHOLDS OF
EQUIGENERATED IDEALS

BENJAMIN BAILY

ABSTRACT. Let k be a field of characteristic p > 0 and R = k[zo,...,zs]. We consider ideals
I C R generated by d-forms. Takagi and Watanabe proved that fpt(I) > height(I)/d; we classify
ideals I for which equality is attained. Additionally, we describe a new relationship between fpt(I)
and fpt(I|x), where H is a general hyperplane through the origin. As an application, for degree-d
homogeneous polynomials f € R with p > n — 1, we show that either p divides the denominator of
fpt(f) or fpt(f) > r/d, where r is the codimension of the singular locus of f.

1. INTRODUCTION

The F-pure threshold, introduced by Takagi and Watanabe [26], is a numerical singularity invari-
ant of pairs in positive characteristic. The F-pure threshold was proposed as a positive-characteristic
analog of the log canonical threshold; whereas the log canonical threshold is widely studied in
birational and complex-analytic geometry, the F-pure threshold better reflects the subtleties of
singularities in prime characteristic.

We consider a pair (R,I), where R is a polynomial ring over a field and I is generated by
homogeneous forms of degree d. In this setting, Takagi and Watanabe proved the following sharp
lower bound on the F-pure threshold fpt([):

Proposition 1.1 (|26], Proposition 4.2). Let k be a field of positive characteristic and set R =
klxg,...,xy]. Suppose I C R is generated by forms of degree d. If h is the height of I, then
fpt(I) > h/d.

If we instead consider a field of characteristic 0 and the log canonical threshold (lct), much more
is known. We refer the reader to 18| for background on log canonical singularities and the lct.

Theorem 1.2 (|6], Theorem 3.5). Let k be an algebraically closed field of characteristic zero and
set R = k[xzg,...,xn]. Suppose I = (f1,...,fr) C R is generated by forms of degree d. Let e denote
the codimension of Z, where Z is the non-kit locus of (R, I'*)). Then we have lct(I) > e/d with
equality if and only if there exist independent linear forms l1,...,L. € R such that Z = ({1,...,0c)
and fi € k[ly, ..., L] for all1 <i<r.

Our goal is to bridge the gap between Proposition and Theorem As we show in Exam-
ple a naive translation of Theorem into characteristic p is not true without an additional
hypothesis. Towards the goal of bridging this gap, we contribute two results. The first is a classifi-
cation of ideals for which the lower bound in Proposition [I.T] is sharp.

Theorem A. Let k be an algebraically-closed field of characteristic p > 0. Let I be a homogeneous
ideal in k[xg, ..., x,| generated by d-forms. If h is the height of I, then fpt(I) = h/d if and only if
T=(xg,...,x5-1)% up to change of coordinates.

The proof of Theorem [A] goes as follows. First, we prove the claim in the case that I is complete
intersection of height n, see Lemma [3.15] In this case, let p be a minimal prime over I. Since p is
the ideal of a point in P, we may change coordinates so that p = (z1,...,x,). We then transform
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Theoremto a statement about the monomial ideals {ins,_ (I™)}m>0, which we solve using convex
geometry. After applying estimates for the Hilbert series of powers of I (Lemma the result is
a consequence of a 1960 result of Griinbaum, Theorem [3.6]

To generalize beyond the case of a complete intersection, we note that h := height I, then any
general d-forms in I generate a complete intersection J C I, and we show that J is a reduction
of I. To generalize beyond the case that height I = n, we consider I|g, where H is a general
hyperplane through the origin. By Proposition we have h/d < fpt(I|g) < fpt(I) = h/d, so
I|u = (20,...,25_1)% By Proposition we deduce that I has the same form.

Our second contribution is a lower bound fpt(R, f) in terms of the codimension of the singular
locus of f. Compare with [5, Theorem 1.1], a preprint which was later superseded by [6].

Theorem B. Suppose char k =p > 0 and R = k[xq, ..., z,]. Suppose that f € R is homogeneous
of degree d, that f is smooth in codimension c, and that p does not divide the denominator of fpt(f).
Further suppose that ¢ > n or p > c¢. Then fpt(f) > min(c/d, 1).

In the case that h > n, we observe that (R, fP*(/)) has an F-pure center which is a monomial
ideal and apply a Fedder-type criterion from [23|, see Lemma When h < n, we reduce to the
case h = n by intersecting with a general hyperplane through the origin and applying the following
Bertini theorem for F-purity:

Theorem C. Let k be an infinite field of characteristic p > 0. Let R = k[xq,...,x,]. Let I C R be
an ideal generated by forms of degree at most d. Let H € (P™)V be a general hyperplane through the
origin. Then for all 0 <t < 7 — %7 the pair (R, I') is sharply F-split if and only if (H,I'|y) is
sharply F-split.

A Bertini theorem for F-purity of pairs is already known |25, Theorem 6.1]. Schwede and Zhang’s
result, however, considers a general member of a free linear system, whereas Theorem [C] considers

a general member of a linear system with 0 € A"*! as a base point. To ensure that neither 25|
Theorem 6.1| nor Theorem |C| implies the other, we demonstrate in Example that the exponent

n n—1 - :
a7~ pd s optimal.

2. PRELIMINARIES

2.1. The F-Pure Threshold. For detailed background on the F-pure threshold, we direct the
reader to [24, 26|. In this subsection, we summarize several key definitions and results.

Definition 2.1. Let R be a ring of characteristic p > 0. We let F, R denote the R-module structure
on R given by restriction of scalars along the Frobenius map F' : R — R. We say R is F-finite if
F. R is module-finite over R.

Definition 2.2 (|24]). Let R be an F-finite ring, I C R an ideal, and ¢t € RT. The pair (R, I') is
sharply F-split if for some (equivalently, infinitely many) e > 0, the map

I =D1 . Hom(F*R, R) — R
is surjective.

Definition 2.3 (|26]). The F-pure threshold of the pair (R, I) is the supremum of all ¢ such that
(R, I?) is sharply F-split. We denote this quantity by fpt(R, ), or fpt(I) when the ambient ring is
clear.

In practice, the following proposition is a more useful characterization of the F-pure threshold.

Proposition 2.4. Let (R,m) be an F-finite regular local ring. Then the F-pure threshold of the

pair (R, I') is equal to
v .
supq — : I” m[p}}.
A
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In fact, let vi(p®) = max{r : I" ¢ mP’l}. Then the F-pure threshold of (R,a) is equal to the limit
lime 00 v7(p©)/p°. If instead R is a polynomial ring over an F-finite field and I C R a homogeneous
ideal, then the same results hold when we let m denote the homogeneous mazimal ideal of R.

Proof. The first claim follows from |26, Lemma 3.9]. The existence of the limit is [19, Lemma 1.1].
For the graded setting, see [3, Proposition 3.10]. ]

Proposition 2.5 (Properties of the F-pure threshold). Let R be a reduced, F-finite, F-pure ring
of characteristic p > 0. Then for all ideals I C R such that I contains a nonzerodivisor, we have
(i) If I C J, then fpt(I) < fpt(J).
(ii) For all m > 0, we have fpt(I™) = m~! fpt(I).
(iii) We have fpt(I) = fpt(I), where I denotes the integral closure of I.

Proof. See |26, Proposition 2.2| (1), (2), (6). O
Proposition 2.6. Let R = k[zg,...,x,]|. Let > be a monomial order. Let I C R be an ideal, and
ins (1) the initial ideal of I with respect to >. Then fpt(ins (1)) < fpt(I).

Proof. See |26], the claim preceding Remark 4.6. O

2.2. Newton Polytopes of Monomial Ideals. When working with monomial ideals, one often

identifies a monomial x® --- 2% with the point (ag,...,a,) € Z’;‘gl. For future reference, it will

help to give a name to this identification.

Definition 2.7. Let k be a field. We define the map

log : {monomials in k[zg,...,z,]} — Zggl, log(zg” - - zpm) = (ao, . - -, an).

Definition 2.8. Let a C k[xg,...,z,] be a monomial ideal. Then the Newton Polytope of I,
denoted T'(a), is the convex hull in R"*! of log(a). Later on, we will let conv(—) denote the convex
hull of a set.
Remark 2.9. We record several properties of I'(a).
(i) T'(a) is a closed, convex, unbounded subset of the first orthant of R™.
(ii) When a is an m-primary ideal, the complement of I'(a) inside the first orthant is an open,
bounded polyhedron.
(ili) For two ideals a, b, the Minkowski sum of I'(a) and I'(b) is equal to I'(ab). In particular,
I'(a") = nl'(a).
For the proof of Theorem [A] we will also require the following.
Definition 2.10. We define the standard n-simplex A,, C R**! as follows:
Ap ={(ag,...,an):0<aj,a0+ - +a,=1.}

Definition 2.11. Let I C k[xo, ..., z,] be a homogeneous ideal and ¢t € Z". We let [I]; denote the
vector space of t-forms in 1.

Definition 2.12. Let a C k[zo, ..., 2] be a monomial ideal and ¢ € ZT. We define I'(a, t) as the
convex hull of log([a];), and we let y(a,t) denote the relative interior of I'(a,¢) inside tA,,.

Remark 2.13. It is sometimes the case that I'(a,t) C I'(a) NtA,, even if a is integrally closed.
Consider a = (g, x3) as an ideal of k[xg,z1]; we have (0.5,1.5) € (I'(a) N 2A1) \ ['(a, 2).

The following proposition shows that Newton polytope of a monomial ideal determines the F-pure
threshold.

Proposition 2.14 (|15]|, Proposition 36). Let a C k[xo, ..., zy] be a monomial ideal. Then

1 -
fpt(a) = o where p = inf{t : t1 € I'(a)}.
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Following the proof of |7], Theorem 1.4 and the terminology of [17], we also define the limiting
polytope of a graded system of monomial ideals.

Definition 2.15. Let a, be a graded system of monomial ideals. That is, suppose a,as C a,4 for

all r,s € Z*. We define I'(a,) as the closure in R"*! of the ascending union {z=T'(azm)}ns0.
Definition 2.16. Let > be a monomial order on R. We set I's (I) = I'(a,), where a,, = ins (I™).
2.3. Essential Codimension.

Definition 2.17 (Essential Codimension). Let J C R = k[xo, ..., zy] be a homogeneous ideal. The
essential codimension ess(.J) is equal to the minimal 7 for which there exist linear forms ¢1,..., ¢,
such that J is extended from I C k[ty,. .., ¢, ].

Lemma 2.18. Let I, J,{1,...,L. be as in Definition . Then ess(I) =r.

Proof. The bound ess(I) < r is immediate. Conversely, if I is extended from an ideal I’ C
k[ty,...,00] Ckl[ly,...,¢], then J is extended from the same ideal, so ess(J) < ess([). O
3. CLASSIFICATION OF MINIMAL F-PURE THRESHOLDS

3.1. A Bertini Theorem for Essential Codimension.

Convention 3.1. We identify (P")V with the space of hyperplanes passing through 0 € A" as
opposed to the usual convention of identifying (P")Y with the space of hyperplanes in P".

The following standard lemma relates the condition ess(J) < n+ 1 to a more familiar condition.

Lemma 3.2. Let k be an algebraically-closed field, R = k[xg, ..., xy,], and J C R an ideal generated
by d-forms f1,..., fr. Then ess(J) < n if and only if there exists p € P™ such that J C mg.

Proof. 1If ess(J) < n, then there exist ¢1,...,¢, € R; such that J is extended from k[l1,...,¢,].
Setting p = [(¢1, ..., 4n)], we have J C mg. Conversely, suppose p € P such that J C mg and change
coordinates so that m, = (z1,...,2,). In this case, no monomial summand of the f; involves zg, so
J is extended from k[z1,...,zy]. O

Lemma 3.3. Let k be an algebraically-closed field, R = k|xq,...,z,], and J C R a nonzero ideal
generated by d-forms fi,..., fr. Suppose ess(J) = n+ 1. Then for general H € (P*)V, we have
ess(J|g) = n.

Proof. Set Z = Proj(R/J) C P". We define an incidence correspondence as follows:
B={(z,H) e Zx (P :zcH, filgcmlforall 1 <i<r}
Let p: B — Z,q: B — (P")V be the projections. Fix z € Z and change coordinates so that

z=1[0:---:0:1]. Write f; =: g; + xph; for g; € m% h; € m?~1. Let (2, H) € B, where H = V({).
Then there exist g/ € m?, h} € m?~! such that g; + xph; = g} + (hl. Write b} =: g/ + z,h}, where

¢! € md=1. Then z,,(h; — (h!)) = g} + £g! — g; € m%, so h; — (h!! = 0. In particular, £ | h;. It follows
that B, = {(z,V(¢) : £ | h; for all 1 < i <r}. By assumption, ess(J) =n+ 1. Since ess(J) =n+1,
by Lemma [3.2] we have h; # 0 for some i. As h; has at most d — 1 linear factors, we must have
|B,| <d.

By the previous paragraph, every closed fiber B, is zero-dimensional, so dim B < dim Z. Con-
sequently, dim ¢(B) < dim B < dim Z < n, so q(B) is a proper closed subset of (P*)V, and so for
general H € (P")V, there is no 2z € Z such that (2, H) € B. Consequently, there is no z € ZN H
such that f; € m?| for all 4, so another application of Lemma gives ess(J|g) = n. O

The following proposition describes the behavior of essential codimension under restriction to a
general linear subspace through the origin.
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Proposition 3.4. Let k be an algebraically-closed field, R = k[xo,...,zy,], and J C R a ho-
mogeneous ideal. Set r = height(J). Let L = ({y41,...,¢n), where the {; are chosen generally.
Forr <t < mn, set Ly = (by31,...,4n) and J; = Jz—tLt Then for all v < t < n, we have
ess(Jy) = max(t + 1, ess(J)).

Proof. By induction, it suffices to consider the case t = n — 1. The case ess(J) = n + 1 is covered
by Lemma it remains to show that ess(J,_1) = ess(J) provided ess(J) < n. Set s = ess(J)

and change coordinates so that J is extended from an ideal I C k[zg,...,zs—1]. Suppose s < n.
Let I' = Ik[xo,...,2n—1]. By Lemma we have ess(I’) = ess(I) = ess(J). The isomorphism
k[zo,...,zn]/(ln) = k[zg, ..., zn_1] identifies J,_1 with I’ so ess(J,—1) = ess(I’) = ess(J). O

3.2. An Application of Griinbaum’s Inequality.

Definition 3.5. Let K C R™ be a compact set with vol(K) > 0. The centroid ¢ of K is the
arithmetic mean of the points of K, that is, we have

-1
~([#) " L
yeK yeK

We first recall Griinbaum’s inequality, for which we state an equivalent version below.

Theorem 3.6 (|9], Theorem 2). Let K C R™ be a convex body and let ¢ denote the centroid of K.
Let H' be a half-space whose boundary hyperplane H contains c. Then

vol(H N K) < <1 - (n i 1>n> vol(K).

Definition 3.7. We let M,, denote the quantity (1 — ( )n) from the theorem.

n
n+l
For our purposes, we must characterize the equality case of Theorem
Proposition 3.8. Suppose H",H, K are as in Theorem [3.6, with vol(K) > 0 and vol(HT N
K) = M, vol(K). Let H denote the boundary hyperplane of H™. Then there exists a convex body

K'C H"NK and a point g € K\ H" such that K' is contained in a hyperplane parallel to H and
K = conv(K'U{q}).

Proof. Follows from [20], Corollary 8. O

Definition 3.9. Let 7, : R*t! — R” denote the projection onto the first n coordinates and let
Ty := mn(Ay).

Lemma 3.10. Let T, := m,(Ay,). Let z, = (%H’ ce %H) denote the centroid of T,,. Let H' be a

half-space whose boundary hyperplane H contains z,. Then
M

vol(HY NT,) < —"
n!

with equality if and only if H is parallel to a facet F of T,, with F C H™T.
Proof. If K" is an n — 1-dimensional convex set and ¢ a point not contained in the hyperplane

supporting K’ such that conv(K’ U {q}) is a polytope, then K’ is a facet of conv(K’ U {q}). The
result therefore follows from Proposition |3.8| O

We recall the following standard fact from convex analysis:

Lemma 3.11 (|21], Corollary 11.6.1). Let K C R" be a convex set and x € OK. Then there exists
a half-space H' such that K C H and such that x € OH™.

Lemma 3.12. Let P C T, be a closed convex set with z, ¢ intP. Then vol(P) < M, /n! with
equality if and only if P is the intersection of T, with a half-space satisfying the conditions of
Lemma 310
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Proof. If z, ¢ OP, then for 0 < ¢ < dist(P, z,), the set {z € T, : dist(z, P) < €} is a strictly
larger convex set which does not contain z, in its interior. We may therefore assume z, € OP.
By Lemma we may replace P by Ht N T,, where H' is the half-space containing P with
2n € OHT. In this case, the result is immediate from Lemma O

3.3. Proof of Theorem [A]l To start, we recall a theorem of Rees.

Theorem 3.13 ([16], Proposition 11.2.1, Theorem 11.3.1). Let (R, m) be a formally equidimensional
local ring and I C J two m-primary ideals. Then e(I) = I(J) if and only if I = J.

Moreover, the conclusion of Theorem [3.13] holds when R is a polynomial ring and I, J two m-
primary ideals. As a consequence, we may restate the conclusion of Theorem [A]in terms of essential
dimension.

Lemma 3.14. Let R = k[xg,...,zy] and I C R an ideal generated by d-forms. If height(I) = h,
then the following are equivalent:

(i) ess(I) =h

(ii) T = (xg,...,x5_1)% up to change of coordinates.
(i4i) I C (zo,...,2p_1)% up to change of coordinates.
Proof.
(i) = (ii): Up to change of coordinates, I is extended from an ideal I’ C k[xg,...,xp_1] =1 R'. By

flatness of R' < R, we have height(I) = h. There exists an ideal J" C I’ generated by a
subset of the generators of I’ such that J" is a (d, . .., d)-complete intersection of height h. Let

m’ denote the homogeneous maximal ideal of R'. We have e(J') = d" = e((xo, ..., 7n_1)%),
so J' = (m’)4 by Theorem As (m')9R is integrally closed and I C (m’)?R, we conclude
T=m)R.

(ii) = (iii): This follows from the containment I C I.
(iii) = (i): This follows from the argument of Lemma [3.2]

We state the main technical lemma of this section.

Lemma 3.15. Let k be an algebraically-closed field of characteristic p > 0 and let R = k[xq, ..., Zp].
Let I = (f1,...,fn) € R denote a complete intersection ideal generated by d-forms. Then fpt(I) >
n/d, with equality if and only if ess(I) = n.

We begin with a computation of the Hilbert series of R/I°.
Lemma 3.16. Let I, R be as in Lemma[3.15 Fort > (d—1)n+d(s —1), we have Hr(R/I*,t) =
(n+z_l)d”, In particular, this holds for t > d(s + n).
Proof. We define
Lyns:={(a1,...,an):a; > 0,01 +---+a, <s—1}.
By [10], Corollary 2.3, we have
(1) Hp(R/I*,t)= Y Hp(R/It—d(a+- - +ay)).
(a17"'7a7“)€£'n,s
The Hilbert series of R/I is given by

(2) > Hg(R/Ti)t = m =(14t4- YA+t + 245+,

>0
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hence Hg(R/I,t) = d" for t > (d — 1)n. By Equations (1) and (2), for t > (d — 1)n+d(s — 1) we
have

-1
Hp(RJI* ) = | Ly |d" = (” e )d”.
n
O
Lemma 3.17. Let a C R be a monomial ideal containing a monomial m of degree t. For anyt' > t,

if %T € y(a,t"), then fpt(a) > L.

n t

Proof. Set y =log(m). By convexity of I'(a), we have Ay + (1 — A\)y(a,t') C I'(a) for all A € [0,1].
Taking 0 < A < 1, we obtain WT € I'(a), which implies fpt(a) > #—I)\)t' > 2l by
Proposition [2.14] ]

Lastly, we need a result relating volume and integer point counts for convex bodies.

Lemma 3.18. Let A, T, ™, be as in Definitions and[3.9. Fort € Z* and P C tA, a conver
set, we have

n—1 ,;
3) [voln(ma(P)) — #(PNZ™1)| < 30 5.
=1

Proof. Since tA,, is contained in the affine space g+ --+x, =t and t € Z*, 7, induces a bijection
between tA, N Z"! and T,, N Z", so Equation can be interpreted as a statement relating the
volume and integer point count of m, (P). For each P’ occurring as an i-dimensional projection of
7o (P) onto an i-dimensional coordinate axis, %P’ is contained in an i-dimensional simplex, so we

have vol;(P’) < Z—: The result then follows from [2]. O
We now prove Lemma [3.15]

Proof. Let p be a minimal prime over I. Since k¥ = k and I is homogeneous, we may change
coordinates so that p = (z1,...,x,). Let > denote the lexicographic order, and define the graded
system of ideals aq = {in~ (I")},,. Since p" is a monomial ideal for all r > 0 and I" C p", we have
a,, C p™™ for all m > 0. Since a, is graded, we have for any ¢t € Z™

[agm |om¢[agm|oms C [agmagm]am+1y C [agme+1]gm+1y.

It follows that {z%y(an,2mt)}m is an ascending chain of convex subsets of H;. We then set
t =d(n+1) and let P denote the ascending union |J,,,~; v(agm,2"d(n+1)). If dl € P, there exists
some m such that dI € y(agm,2™d(n + 1)). By Lemma [3.17, we have fpt(agm) > WZIH) = 52,
so fpt(I) > n/d.

Conversely, suppose d1 ¢ P. Then for all m, we have dI ¢ 2=7(agm,2Md(n+1)). By Lemma

we have

nMn

1
(4) vol(P) = lim vol <2m'y(a2m, 2"d(n + 1))) < (d(n+1))
We now derive a lower bound for vol(P). First, by Lemma we have
#2710 (y(agm, 2™d(n + 1)) > Hg(agm,2™d(n + 1))

= Hp(I*"™ 2™d(n 4 1))
_ <n +2™d(n + 1)> B <n +2™Mn — 1>d”

n n
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provided 2™d(n + 1) > d(2™n + n), which is satisfied for all m > log, n. Using the approximation
(a;;b) = [117? + Oy(a’™1), we have

(5) #7710 (y(agm, 2Md(n + 1)) > (n 4+ 1)" — n") + 021

Combining the bounds Lemma and eq. ([5), we have

vol(P) = lim vol (;n’y(agm,de(n—i— 1))) = lim Lvol( (agm,2™d(n + 1)))

e mosso 2m
Znii_l?oognlm<#(zn+lﬂ7(a2m2 d(n +1)) jzj 2md”+ ))
> n}E)noo 2% ((27:;071 (n+1)"—n")+ O(Qm(nl))>
= (d(n + 1))"A:!".

n!

Moreover, the boundary hyperplane H of H* is parallel to a facet F of (d(n+1))A, with F C H*
and d(n+ 1), € H.

For a € R, define Dy g = {(ag,...,a,) € tA, : a9 < B}. Since a,, € p™", for any monomial
xg? ... 28" € (am)¢, we have ay + - - -+ an > mn and hence ag <t —mn. In particular, for all m > 0
we have

It follows that vol(P) = vol(P) = (d(n+1))"Xxz so by Lemma we have P = HTN(d(n+1))A,.

"}/(Clgm, de(n + 1)) - Dde(n+1)72mn(d+1),2mn.
As a consequence, we conclude P C Dy, 11y d(nt1)—n- As F' C P, the only possible choice for F' is
the facet {ag = 0} C d(n + 1)A,. We conclude that P = Dy, 11y ,4. We then have

I(a1,d(n+1)) € P = Dyinyry.a = D(p" d(n + 1)),

0 [a1]gns1) C [p"n(at1)- For each generator f; of I, we have zf ins (f]") € [a1]atms1) € 0" n(as1),

so mo 1 ins (fP) for all i. As ins (f7) = inx (f;)", we deduce that I C p¢. By Lemma we have
ess(I) = n. O

We are now able to prove Theorem [A] By Lemma it suffices to prove the following.

Theorem . Let k be an algebraically-closed field of characteristic p > 0. Let I be a homogeneous
ideal in k[zo, ..., x| generated by d-forms and set h = height(I). Then fpt(I) = h/d if and only if
ess(I) = h.

Proof. Let k be an algebraically-closed field and R = k[zg, ..., x,]. Let I C R be an ideal generated
by d-forms, and suppose that height(I) = n,fpt(I) = n/d. If fi,..., fn, are n general d-forms in
I, then J = (f1,..., fn) is a complete intersection. By Proposition and Proposition (i), we
have

n/d < fpt(J) < fpt(I) = n/d.

By Lemmas and we may change coordinates on R such that J = (x1,...,2,)% Then we
have (z1,...,2,)? C I. Let > denote the lexicographic order, and let g be a d-form in I. Write
ins (g) = xg° - - - %, and note that (x1,...,2,) Cins (). Set a = max; a;. Then

pe 1/aJH pe—1)—ai[(p=1)/a]) /ngm[p
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so we have

. Vino (T o1 p¢—1 "t =1 a|(p°—1)/al 1 /(1 a n  ag
lim —22) > iy = — _ S _&y_n, %
ehoe pe T ehoo pe R Dl d o Z} d ad) " d " ad

i=1
Consequently, by Propositions and [2.6] we have

n — — n a

% = ipt(1) = fot(T) > fpt(in (1)) > fpt((an, ., wa) + (ot -ae)) = 2 4 20
so we have ag = 0, hence ins(g) € (z1,...,2,)% As > is the lexicographic order, it follows that
g€ (z1,...,2,)% As g was arbitrary, we conclude that T = (z1,...,z,)%

Next, we consider the case that height I # n. If height I = n + 1, then I = (zg,...,2,)"t! by
Theorem [3.13] Otherwise, suppose height I = h < n—1. Let L be an ideal generated by n — h linear
forms. Then § < fpt(%) < %, so by Lemma we have ess(%) = h. By Proposition the
same holds for 1. O

4. A BERTINI THEOREM FOR F-PURITY OF PAIRS
In this section, we prove Theorem [C]
Lemma 4.1 (|1], Lemma 3.2). Let R := k[zo, ..., x|, m:= (z0,...,2,). Fore,t € ZT, we have
e R t>m+1)p°—n
Pl . mt) = =
(m7 s ) {m[pe} 4+ m P =t e 41

Lemma 4.2. Let k be a field of characteristicp > 0, let R = k[z1,...,zy], and I C m a homogeneous
ideal. For H =V ({) € (P™)V, we let I|y denote the image of I in R/{R. In this case, we have

(©) Vi (p9) < max{r:I" ¢ mlPT 4 et =DH+
Conversely, if |k| > p°, then there exists H € (P™)V (k) such that
(7) VI‘H(pe) 2 maX{T : IT g m[pe] —+ mn(pefl)*(nfl)(pe_lyfl}‘

If k is infinite, then Equation holds for general H € (P™)V.

Proof. Let a. := mlPl 4 mP* =D+ g — n(p¢ —1)— (n—1)(p°~ 1), and b, := mPI 4 mde+1, We have
aelg = m[pe]\ g, which proves the bound @ For Equation , suppose f € I"\ b, is a homogeneous
element which necessarily has degree at most d.. By Lemma we have f ¢ (m[pe} : mdde—deg(f )).
Multiplying f by a generator of m%~4¢8(f) we may assume f ¢ b. and deg f = d.. Write

_ ao an
f= Cag,...anTy” " T
ao+-+an=de

For A € k™, let Hy denote the hyperplane cut out by g = A\x1 + - - - + A\xp. For by, ..., b, € Z=°
such that by + - -+ 4+ b, = d., define

de

S = @0 bi—ar . \bn—an
Pbl,...,bn ()\) T Z Z Cag,...,an (bl —a,... 7bn _ a/n) A11 ! )\n ¢

ap=0 a;<b; V1<i<n
a1+-+an=de—ag

Then we have

flay=" D Cagroan®f 20 Mz 4. An) ™
a0+"‘+an:de

— bl bn f
= Z xt ) Pbl,...,bn (N).
b1+"'+bn:de



10 BENJAMIN BAILY

For any Hy, we have that f|g, ¢ mlPl if and only if there exist by,...,b, < p® — 1 for which
iji,...,bn()‘) # 0. We first prove that there exist by,...,b, < p® — 1 for which Pb{,...,bn(/\) is a
non-constant polynomial in A. To this end, it suffices to produce ag,...,an,b1,...,b, such that

(1) ap+---+ayp = de;

(ii) Cag,...an 7& 0;
(iii) by + -+ + by = de;
(iv) aigbigpe—lforalllgign;
(v)

v) We have
ap
d p.
<bl—a1,...,bn—an>¢0 moap

By assumption that f ¢ mlPl) it is possible to choose ag,...,a, such that ag + -+ + an =
de,ag,...,anp, < p° — 1, and cq,. .4, 7 0. We will prove, by induction on the p-ary digits of
ap, that there exist by, ..., b, satisfying (iii)-(v). The base case, when ay = 0, is obvious. Write
ap =g+ a1p+ -+ ae_1p° ! and suppose a; # 0.
Asay +---+a, = de — ag, we have min; a; < de—TaO. As a consequence, we have
de — ag de—p" (-1 P

1) - c_1)— > (p¢ —1) — = = >y
1@%(1) ) —a; > (p°—1) - > (p°—1) - - +n_pj

It follows that there exists some 1 < i < n with a; +p’ < p®—1. We apply the induction hypothesis
to produce integers by, ..., b, satisfying (iii)-(v) with respect to (ap — p’,a1,...,a; + p7, ..., an).

Since
ag — Py >
0 mod p,
(bl—al,...,bi—ai—pj,...,bn—an ;é

it follows by Lucas’s theorem that we can perform the addition
(b1 —a1) 4+ (b —a; —p!) + -+ (bn — @) = ag —p/
in base p without having to carry a digit. Consequently, the same is true for the addition

(b1 —a1) +- -+ (b —ai) + - + (bn — an) = ao,

0 by, ..., by, satisfy conditions (iii)-(v) for the original tuple (a1, ..., ay).

For b1,...,b, as above, Plfl,...,bn (M) is a nonzero polynomial of total degree a,, < p® — 1 in the
variables A1,...,A,. By the Schwartz-Zippel lemma ([22], Corollary 1), there exist A1,..., A\, € k
for which PI£7--~7bn()\17 ..., An) # 0. If k is infinite, then iji,.--,bn(A) # 0 for general A\ € k™. O

As a consequence, we have the following.

Theorem . Let k be an infinite field of characteristic p > 0. Let R = k[zg,...,zy]. Let I C R
be an ideal generated by forms of degree at most d. Let H € (P™)V be a general hyperplane through
the origin. Then for all 0 <t < % — "=k the pair (R, I') is sharply F-split if and only if (H, (I|x)")
18 sharply F'-split.

Proof. The implication (H, (I|g)!) sharply F-split = (R, I') sharply F-split is well-known and
additionally is immediate from Equation @ Conversely, suppose (R, I?) is bharply F split and

t <2 — 2=l Then there exists M € ZT such that for all e € Z*, M | e, we have IT*P*=D1 ¢ mlP*],
Smce t < =z — p—dl, we may choose e > 0 divisible by M such that
(8) [t(p® = D)1d < n(p = 1) = (n = 1)(p° 7).

By assumption we have I1*#* =D ¢ mP*l and by Equation none of the generators of IM*¥°~1]

are contained in m(P*=D-(=D(EH+1, By Equation |D we conclude I’g(peq)] g m[peUH, SO
(H, (I|g)") is not sharply F-split. O
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In terms of the F-pure threshold, Theorem [C] says the following.
Corollary 4.3. Let R, I, H be as in Theorem[C. Then

n—1

min <Z - pd,fpt(f)> < fpt(I|u).

Proof. By Equation @, we have
fpt(I|) > lim p~¢sup{r: I" ¢ mPT 4 m (" —D-(r—1p= 41y
e—0o0

I ey [ —1) = (n—Dpt 1 n_n-1
_elirgzop min <y1(p ),\\ 1 = min fpt(I),d i .

Example 4.4. In Theorem our bound on ¢ is optimal. If char k = p and R = k[zo, ..., xy], then

we may take f = xo(z1---2,)P ' and t = n(p—n1)+1 - p(n(;—_11)+1) = %. Then fpt(R, f) = pip SO

(R, f!) is sharply F-split. For any hyperplane H C R we have f|y € m|ES], so fpt(f|g) < t. Since p
divides the denominator of ¢, we have that (H, f!|y) is not sharply F-split.

Finally, we note that an analog of Corollary [£.3] holds for the log canonical threshold.
Corollary 4.5. Let k be a characteristic zero field and let R, I, H be as in Theorem[(, Then
min (%, lct([)) <lct(I|m).
In particular, if I is generated by d-forms, then the above inequality is an equality.

Proof. Let {I,}, be a family of positive-characteristic models for I. Using [19], one may prove
approximate fpt(I,) by vy, (p) to prove a quantitative version of Corollary for finite fields. More
precisely, one obtains that for each p, there exists H, € (P")V(k,) such that

min (fpt([), np—1) _p;” —D+ 1> +0 <;) < tpt(Lylm,),

where the implicit constant depends on the number of generators of I. By the ACC for log canonical
thresholds [8], there exists a hyperplane H € (P")Y(k) such that lct(Z|g) > min(lct(1),%). By
semicontinuity of the log canonical threshold [4], the desired bound holds for general H € (P*)V (k).

O

5. THE TEST IDEAL AT THE THRESHOLD

In the introduction, we claimed that the best-known result in characteristic zero (Theorem [1.2))
is stronger than the previous best-known result in positive characteristic (Proposition (1.1]). Indeed,
Theorem [I.2] shows that analogs of Proposition [I.I] and theorem [A] holds in characteristic zero.

Proposition 5.1. Let k be an algebraically-closed field of characteristic zero. Let I be a homoge-
neous ideal in k[zo,...,zn] generated by d-forms. If h is the height of I, then fpt(I) > h/d with
equality if and only if T = (xq,...,zh_1)% up to change of coordinates.

Proof. Since (R, (1)!) is klt for all + > 0, the non-klt locus Z of (R, I'*)) is contained in V(I).
Consequently, by Theorem [T.2] we have
codimZ _ height h
let(I) > > = —.
i)z —r— =" d
Write I = (f1,...,fr). If let = %, then codim(Z) = h and lct(I) = COdizln(Z), so there exist
independent linear forms /1, ..., ¢, € R such that f; € k[¢1,...,¢,]. Changing coordinates, we may
assume ¢; = x;_1 for 1 < ¢ < h. The result then follows from Lemma O
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By [12], the correct positive-characteristic analog of Theorem considers strong F-regularity
and the F-pure threshold. We direct the reader to |11] for background on the test ideal 7(R,a’),
which cuts out the non-strongly F-regular locus of the pair (R, a’). With this in mind, we are now
able to give an example of the failure of Theorem [I.2]in positive characteristic.

Example 5.2. Suppose p =2 mod 3. Let R = F,[z,y,2] and f = (2 +y>+23). By [13, Theorems

3.1 and 3.3|, we have fpt(f) = 1—}% and 7(R, f1=1/?) = (z,y,z). A naive translation of Theorem

predicts that fpt(f) > %@’y’z)), but this is not the case.

Motivated by the failure of the positive-characteristic analog of Theorem [I.2] in the case that p
divides the denominator of fpt(f), we impose the additional condition that the pair (R, I fpt (7 )) is
sharply F-split.

Lemma 5.3. Let k be a field of characteristic p > 0. Let R = k[xzg,...,x,]. Suppose I C R is

generated by homogeneous polynomials of degree d. Suppose (R, prt(])) s sharply F-split and let
h = height((R, I'"™())). Suppose further that h > n. Then fpt(I) > h/d.

Proof. Define the graded system of ideals aqo by a,, = I/ The strongly F-regular loci of
(R, I'P*(D) and (R, a,) coincide according to |23, Definition 2.11]. Let p be a minimal prime over
T(R, I fpt (1 )). As p is a homogeneous prime ideal of height n or n 4+ 1, we may change coordinates
so that p = (xg,...,xp—1). By |23|, Proposition 4.5 and 4.7, we have that p is uniformly (a., F')-
compatible, so for all e > 0 we have aye_1 C (pP1: p) = plP T (2 - - 25_1)P 1. By assumption that
(R, I'™*(D) is sharply F-split, there exists M > 0 such that for all e > 0, M | e we have ape—1 £ mlP,
Let M | e, and let f be a generator of aye_; such that f € plPl 4 (zq---x;_1)P" =1\ mlPl. Then
[fpt(I)(p® — 1)]d = deg f > h(p® — 1), so fpt(I) > 2. O

In particular, by |14, Theorem 4.1|, the hypothesis that (R, I™P*()) is sharply F-split is satisfied
whenever I is principal and p does not divide the denominator of fpt(I).

Theorem . Suppose char k =p > 0 and R = k[xg, ..., x,]|. Suppose that f € R is homogeneous
of degree d, that f is smooth in codimension c, and that p does not divide the denominator of fpt(f).
Further suppose that ¢ > n or p > c. Then fpt(f) > min(c/d,1).

Proof. We first base change to the algebraic closure of k; this changes neither the hypotheses nor
the conclusion. Assume fpt(f) < 1. We will first demonstrate that V(7(R, fP*()))) C Sing(f).
To see this, suppose p is a nonsingular point of R/fR. Then in particular, R,/fR, is F-split, so
fpt(Ry, fRy) = 1 and 7(R,, fP*VR,) = Ry. Tt follows that p ¢ V(7(R, fPU)). If ¢ € {n,n + 1},
by Lemma we have fpt(f) > height(r(R, fP*)))/d > ¢/d.

Suppose instead ¢ < n — 1 and p > ¢; we'll prove the claim by induction on n + 1 — ¢. Sup-
pose for the sake of contradiction fpt(f) < c¢/d. Let H be a general element of (P")V. Then
codim(H, Sing(f|x)) = codim(Spec R, Sing(f)) = ¢ by Bertini’s theorem. As

c c+1 & n c—1

fpt —-<— -—

P <GS T Sd pa
we have by Corollary that fpt(f) = fpt(f|z). In particular, p does not divide the denominator
of fpt(f). By induction, we conclude that fpt(f) < ¢/d < fpt(f|g) = fpt(f), a contradiction. O

We close this paper with a conjecture.

Conjecture 5.4. Let k be an algebraically-closed field of characteristic p > 0 and set R =
k[z1,...,zn]. Let I C R be an ideal generated by d-forms. Further suppose that (R, I™*1)) s
sharply F-split. Letting e = height(r(R, I"*1)), we have

fpt(R, 1) > -

with equality if and only if ess(I) = e.
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