CLASSIFICATION OF MINIMAL SINGULARITY THRESHOLDS

BENJAMIN BAILY

ABSTRACT. Let k be a field of characteristic zero, R = k[z1, ..., %], and I C R an ideal primary to
(z1,...,2n). By a 2014 result of Demailly and Pham, we have lct(I) > 511(1) + Z;g; 44 ez;(ll(;) ,
where lct(7) is the log canonical threshold of (Spec R, Spec R/I) and e;(I) is the jth Segre number
of I.

If instead char kK = p > 0, we show that the F-pure threshold of (R, I) satisfies the same lower
bound. In both characteristic zero and positive characteristic, we classify all homogeneous ideals
which attain the lower bound.

1. INTRODUCTION

We consider the log canonical threshold (lct) and F-pure threshold (fpt) of a pair (X,Y") where
X is a smooth K-scheme and Y a subscheme supported at a point. The Ict in characteristic zero
and the fpt in positive characteristic have attracted considerable attention in algebraic geometry
due to their connections with the Minimal Model Program and singularity theory. In recent years,
many authors |10} 5| |7} |4, 9, [17] have proven results comparing the lct to multiplicity-like invariants
of the pair (X,Y).

In this paper, we will consider a lower bound on the lct due to Demailly and Pham |7] in terms
of the Segre numbers of Y (Theorem . We’ll show that in positive characteristic, the analogous
bound holds for fpt. Our main contribution (Theorem is to classify the homogeneous pairs
(X,Y) for which the lct or fpt equals the lower bound.

Theorem 1.1 ([5], Theorem 0.1). Let (R, m) be a regular local ring essentially of finite type over an
algebraically-closed field of characteristic zero. Suppose I is m-primary. Let e(I) denote the Hilbert
multiplicity of I and n = dim R. Then we have

e(I) > <IC£ZD>”

with equality if and only if the integral closure I of I is a power of m.

A variant of Theorem due to Demailly and Pham uses the Segre numbers of I to obtain a
stronger lower bound on lct([]).

Theorem 1.2 (|7], Theorem 1.2). Let (O,,m) denote the ring of germs at zero of holomorphic
functions C* — C. Let I be an m-primary ideal and let e;j(I) denote the jth Segre number of I (see
Section . Then we have

1 €1 (I) €n—1 (I)
1 e ———= <let(1).
@) @ " el eary =10
Moreover, this bound is attained by the ideal I = (331 e x%") for any dy,...,d, € Z*.

We will refer to the left-hand side of Equation as the Demailly-Pham invariant of I, denoted
DP(I) (see Section . In this paper, we classify homogeneous ideals I that achieve equality in
Equation (1)).

The author was supported by NSF grant DMS-2101075 and NSF RTG grant DMS-1840234.
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Theorem [4.14l Let K be an algebraically-closed field of characteristic zero.  Let R
Klzy,...,zpl,m = (x1,...,2y), and let I C R be a m-primary homogeneous ideal. If DP(I) =
lct(I), then there exist integers dy, ..., dy such that, in suitable coordinates, we have

7: (:UClll,...,:L‘g").

If instead char K = p > 0, then the same result holds with lct(I) replaced by fpt(I).

We will briefly outline the proof of the theorem. Assume [ is an ideal satisfying equality in

Equation . Write I = Iy + - - - + I, where I; is generated by d;-forms.

(1) Using results from [4], we control the generic initial ideals {gin(I™)},>1.

(2) Using (1), we obtain a formula for e;(I) in terms of the numbers d;, codim(Iy + --- + I;),

which allows us to reduce to the case of a complete intersection.

(3) We prove the result by induction on the number of distinct degrees d, ..., d,.
In the case r = 1, any m-primary ideal I generated by d-forms automatically satisfies I = m?, so
there is no way to use r = 1 as a useful base case for our induction. Instead, we use r = 2. In this
case, we show (Lemmathat c(I) = DP(I) if and only if ¢(I;) = codim(l1)/dy. AsT = I; + mdz,
it suffices to show that I} = (z1,..., l‘codim(I))dl in suitable coordinates. In characteristic zero, this
follows from |10, Theorem 3.5]. In positive characteristic, this fact is recorded below.

Theorem 1.3 ([1], Theorem 3.17). Let K be a field of characteristic p > 0. Let I be a homogeneous
ideal in K[z1, ...,z generated by polynomials of degree d and set h = codim(I). Suppose that K is
algebraically-closed. Then fpt(I) = h/d if and only if T = (x1,...,z)% up to change of coordinates.

2. PRELIMINARIES

2.1. F-Pure and Log Canonical Thresholds. We begin with a formal definition of the log
canonical threshold. For a detailed introduction, see |18§].

Definition 2.1 (Log Resolution). Let X be a smooth variety over a characteristic zero field with
Y C X a proper closed subvariety with defining ideal a. Let W be a smooth variety. A projective
morphism 7 : W — X is a log resolution of (X,Y") if 7 is an isomorphism over X \ Y and the inverse
image a - Ow is the ideal of a Cartier divisor D such that D + Ky, x has simple normal crossings.

The following result gives a concise definition of the log canonical threshold.

Definition 2.2 (Log Canonical Threshold, [18] Theorem 1.1). Let X be a smooth variety with
Y C X aclosed subvariety with defining ideal a. By Hironaka’s theorem on resolution of singularities
in characteristic zero, there exists a log resolution 7 : W — X of the pair (X,Y). If Fy,..., Ex are
the exceptional divisors of 7, then we can write
N N
D= ZaiEi and KW/X = Z klEZ
i=1 =1

The quantity min; kla—':l does not depend on 7 and is called the log canonical threshold of (X,Y).

Definition 2.3 (F-Pure Threshold, [20] Chapter 4.4). Let R be an F-finite ring, a C R an ideal,
and t € RT. The pair (R, a?) is sharply F-split if for infinitely many e > 0, the map

al'P* =Dl Hom(F¢R,R) — R
is surjective. The F-pure threshold of the pair (R,a) is the supremum of all ¢ such that (R, a?) is
sharply F-split.

In practice, we will not use the above two definitions. Instead, we use the following two proposi-
tions characterizing Ict and fpt respectively.
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Proposition 2.4 (20|, following Definition 4.29). Let A be a finite-type Z-algebra and a C
Alxy,...,xy] an ideal. Set K = Frac(A). Then we have

let(K [z, ...,zp),a®4 K) = lim fpt(A/pfxy, ..., zn],a @4 A/p).
pEmax Spec A,|A/pu|—o00

Proposition 2.5 (|20, Exercises 4.19-4.20). Let (R,m) be an F-finite reqular local ring. Then the
F-pure threshold of the pair (R, I') is equal to

14 e
sup<« — : I” m[p}}.
p{pe ¢

In fact, let vi(p®) = max{r : I" ¢ mWP’l}. Then the F-pure threshold of (R, a) is equal to the limit

lime 00 v7(p%) /p°.
If instead R is a polynomial ring over an F-finite field and I C R a homogeneous ideal, then the
same results hold when we let m denote the homogeneous maximal ideal of R.

Many of the results we will make sense for both F-pure and log canonical thresholds, so we will
introduce the following notation to avoid stating the same results once each for characteristic zero
and positive characteristic.

Definition 2.6 (Notation: Nonspecified Threshold). Let R = Klz1,...,z,] and I C R a homoge-
neous ideal. We define the quantity ¢(R, I) as follows:

(R T) = fpt(R,I) char R=p>0
"7 )let(R,I) char R=0 .

If the context is clear, we will use ¢(I) for short.
We will require the following essential fact:

Proposition 2.7. Let R = K|[z1,...,x,]. Let > be a monomial order. Let I C R be an ideal, and
ins () the initial ideal of I with respect to >. Then c(ins (1)) < ¢(I).

Proof. For characteristic zero, see |6] for the semicontinuity of the lc threshold. For positive char-
acteristic, see [22], the claim preceding Remark 4.6. O

2.2. Newton Polytopes of Monomial Ideals. When working with monomial ideals, one often

identifies a monomial (- -- 2% with the point (ao,...,a,) € Z%i'. For future reference, it will
help to give a name to this identification. ;
Definition 2.8. Let K be a field. We define the map

log : {monomials in K{zg,...,x,]|} — Zg‘gl by the rule  log(zg® - --zp") = (ag, ..., an).

Definition 2.9. Let a C Klxg,...,z,] be a monomial ideal. Then the Newton Polytope of I,
denoted T'(a), is the convex hull in R**! of log(a). Later on, we will let conv(—) denote the convex
hull of a set.

Remark 2.10. We record several properties of I'(a).

(i) I'(a) is a closed, convex, unbounded subset of the first orthant of R™.
(i) When a is an m-primary ideal, the complement of I'(a) inside the first orthant is an open,
bounded polyhedron.
(iii) For two ideals a,b, the Minkowski sum of I'(a) and I'(b) is equal to I'(ab). In particular,
I'(a™) = nl'(a).

Definition 2.11. Let I C K][xy,...,2,] be a homogeneous ideal and ¢t € ZT. We let [I]; denote
the vector space of t-forms in 1.
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Proposition 2.12. Let a C K[z1,...,x,] be a monomial ideal. Then
1 -
c(a) = —, where p = inf{t : t1 € I'(a)}.
1

Proof. See |15|, Example 5 for characteristic zero and |13|, Proposition 36 for prime characteristic.
]

Definition 2.13. Let a, be a graded sequence of monomial ideals. That is, suppose a,as C a,45
for all 7, s € Z*. We define I'(a,) as the closure of the ascending union of the sets o I'(azn).

Following the proof of [5], Theorem 1.4 and the terminology of |16], we also define the limiting
polytope of an ideal I C R = K[x1,...,Zy)].
Definition 2.14. Let > be a monomial order on R. We set I's (1) = I'(a,), where a,, = ins (I™).
2.3. Mixed Multiplicities and the Demailly-Pham Invariant. To begin, we recall the defini-
tion of the mixed multiplicity symbol e(ly, ..., Iz M).
Definition 2.15. Let M be a finite-length R-module. We let Ag(M) denote the length of M as an
R-module.

Theorem 2.16 (|21], Theorem 17.4.2). Let (R, m) be a Noetherian local ring, I, ..., Ij ideals of R
primary to m, and M a finitely-generated R-module. Then there exists a polynomial P(ny,...,ng)
with rational coefficients and total degree at most dim R such that for all ny,...,ng > 0, we have

M
P =M | 5——— .
(nh ank) R (I{“ngM>

Remark 2.17. Suppose instead that S is a Noetherian ring, not necessarily local, and n is any
maximal ideal of S. If Iy,..., I are n-primary ideals in S, then I - --IZ’“ is n-primary for all
ni,...,n, > 0. Consequently, we have

s Sh
Ao —2 ) =Ag [—"
i (I{“ -~f}§k5> - (I;“ --'f;;ks)

for all nq,...,nx, so Theorem holds for Iy, ..., I; without assuming that .S is local.

Definition 2.18 (Mixed Multiplicity). Let (R, m) be a Noetherian local ring of dimension d. Let
I,..., Iy be m-primary ideals of R. Let Q(ni,...,nt) denote the degree-d part of P(nq,...,ng).

The coefficients of @ define the mixed multiplicities e(I fd1>, R | ,idk>; M):
d R d
@ Q)= X () ™
dyttdy=d N 17Ok

The expression e(Il<d1>, - ,I,id’“>; M) is shorthand for the expression e(I1,...,I1, ..., Ix, ..., Iq5; M),
where I is repeated d; times.

Remark 2.19. Other authors, such as |21], have used the notation e(I{dl], . ,I,Ed"'] ; M) instead. To
avoid confusion with the Frobenius powers of the ideals I, we use angle brackets in the exponent.
Following 11|, we now define the Segre numbers of an ideal.

Definition 2.20. Let (R, m) be a Noetherian local ring of dimension d and let I denote an m-
primary ideal. We define the jth Segre number of I as

e;(I) = e(IV mld=7; R).

Suppose instead R = K|z1, ..., x| is a polynomial ring over a field. Let m denote the homogeneous
maximal ideal of R, and let I be an m-primary ideal. By Remark[2.17] the function Ag(R/I"™ m"2R)
is a polynomial for ni,n2 > 0. We may therefore define e;(/) in terms of this polynomial, and this
definition agrees with the quantity e;(/Rn).
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We’ll record a few basic properties of the Segre numbers in a polynomial ring.

Proposition 2.21. Let R = K|z1,...,x4]. Let m denote the homogeneous mazimal ideal of R, and
let I be an m-primary ideal.

(i) We have eq(I) = 1,e1(I) = ordw(I), and eq(I) = e(I).

(ii) The sequence eo(I),...,eq(I) is log conver.

(1it) If hy,..., hq are general 1-forms, then for all 0 < j < d we have e;(I) = e (%),

where e(—) denotes the usual Hilbert multiplicity.

Proof.
(i): Follows from (iii).
(ii): See [21], Theorem 17.7.2.
(iii): See |21|, Corollary 17.4.7.

We will now define the Demailly-Pham invariant, first defined in [7] and named in |4].

Definition 2.22. Let R = KJz1,...,24], m the homogeneous maximal ideal of R, and I an m-
primary ideal. Then we set
1 €d—1 (I)
DP(I) := bt .
D= am eall

This invariant satisfies a property similar to Theorem [2.28

Proposition 2.23. Assume the setting of Definition[2.22, and let Iy, Iy be m-primary ideals. Then
DP(I) < DP(I3) with equality if and only if I; = Is.

Proof. This holds in much greater generality due to [|4], Corollary 11. We need only that R is
quasi-unmixed. ]

In |4, 7], the authors define this invariant in the case R = Oy, the ring of germs of analytic
functions f : (C% 0) — C. In this setting, the lct of an ideal I = (g1,...,g,) C Qg is defined as the
supremum of all s € R* such that the function (|g1|? + --- + |g-|?) ™ is locally integrable at 0. In
this setting, we have the following result due to Bivia-Ausina.

Theorem 2.24 (|4], Theorem 13). Let R = (Op,m) and I an m-primary ideal. Let I° denote the
smallest integrally-closed monomial ideal containing I. Then the following are equivalent:
(i) There exist integers dy,. .., d, such that T = (z,... xd)
(ii) let(I1°) = DP(I)
(i4i) 1ct(I) = DP(I) and lct(I) = let(1°).

We will demonstrate that the relationship between lct and DP among m-primary ideals is the
same in Og and Clzy,. .., z4).

Proposition 2.25. Let R = C[z1,...,x4] and let m = (z1,...,24), and let Oy denote the ring of
germs of analytic functions f : (C% 0) — C. Then Oq is local with mazximal ideal mOg4 and there is
a bijective correspondence

(3) {m — primary ideals in R} — {mOy — primary ideals in Oq} given by I +— 10,.
Moreover, this correspondence preserves both DP and Ict.

Proof. The fact that mQy is the maximal ideal of O is well-known and follows from the identification

of Oy with the ring of convergent power series C{z1,...,z4}. This identification will also allow us
to demonstrate that the correspondence [3|is bijective.
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Since R — C[[z1,...,x4]] is faithfully flat, for any m-primary ideal I C R we have
I CIO;NRCIC[xy,...,zq]]NR =1,

so [3] is injective. On the other hand, given J C Oy primary to mQy, there exists an integer n such
that m" Oy C J, so there exists a generating set for J consisting of polynomials of total degree at
most n. It follows that J is extended from R, hence [3]is surjective.

To see that the DP(I) = DP(10,), it suffices to note that

R Oq
AR <I”1mn2R> = o, <]n1m”2(9d>

for all ny,ny. The fact that let(I) = lct(1Oy) is [18], Theorem 1.2. O

2.4. Integral Closure of Ideals.

Definition 2.26. Let I be an ideal in a ring R. An element r € R is integral over [ if there exists
an integer n and elements a1, ..., ay,,a; € I* such that

a4 an.
We then define the integral closure I of I as the set of elements » € R which are integral over I.

Those hoping for an exhaustive discussion of the integral closure of ideals should consult |21].
For now, we will list some basic properties of I.

Proposition 2.27 (Properties of the Integral Closure, [21] Chapter 1). Let R be a ring and I C R
an ideal. Let ¢ : R — S. Then we have
(i): T is an ideal.
(ii): (I)=1.
(iii): 1S C IS.
(iv): If J C S is an ideal, then o= (J) = ¢=1(J).
(v): For any multiplicatively-closed subset W C R, we have W1 = W—11I.
(vi): The integral closure of a monomial ideal a in a polynomial ring K[z, ..., z,] is generated
by the set z* : o € I'(a).
(vii): If @ is faithfully flat or an integral extension, then ISN R =1.

Integral closure is an operation which respects many numerical invariants we are interested in
this paper.
Theorem 2.28 (|21], Proposition 11.2.1, Theorem 11.3.1). Let (R, m) be a formally equidimensional
local ring and I C J two m-primary ideals. Then e(I) = I(J) if and only if T = J.

The same result, of course, holds in the case that (R, m) is instead standard-graded.

Proposition 2.29. Let I C K[z1,...,xy,] be an ideal. Then c(I) = ¢(I).

Proof. For characteristic zero, see [18|, Property 1.15. For positive characteristic, see |22], Proposi-
tion 2.2 (6). O

2.5. Essential Dimension.

Definition 2.30 (Essential Dimension). Let J C R = K|x1,...,x4] be a homogeneous ideal. The
essential dimension e(J) is equal to the minimal r for which there exist linear forms ¢y, ..., ¢, such
that J is extended from I C K[(y,...,4,].

We have the following result.
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Proposition 2.31 ([1], Proposition 3.3). Let k be an algebraically-closed field, R = k[zo,. .., Zy],
and J C R a homogeneous ideal. Set r = codim(J). Let L = (by41,...,L,), where the ¢; are chosen
generally. Forr <t <mn, set Ly = (ly41,...,4,) and Jy = JJLrtLt. Then for all 7 < t < n, we have
e(Jr) = max(t + 1,¢e(J)).

3. THE LIMITING POLYTOPE

3.1. Complete Intersections in Positive Characteristic. In this subsection, we prove |16, The-
orem 1.1| over a field of characteristic p > 0. While the main argument is nearly identical, some
intermediate lemmas must be weakened. In particular, |16, Lemma 3.6| is false in positive charac-
teristc, which is evident by considering gin(z?, y?) C K[z, y| for an infinite field K of characteristic
p. For the sake of self-containedness, we will sketch the entire adapted argument here.

Lemma 3.1. Let K be a field, R = K[z1,...,x,], and J C R a homogeneous ideal. Let 1 < j<mn
and define m; : R — R/(xjq1,...,0p) = Klz1,...,2;]. If > denotes the reverse lexicographic order,
then

in> TI'j(J) = 7Tj(iIl>(J)).

Proof. Let f € J be a homogeneous element. Write f = g+h, where h € (z11,...,2,) and g—; =
for all j +1<i<n. If g=0, then m;(f) = 0. If g # 0, then in> (f) = in-(g). In both cases, we

have m; (i (f)) = inx (7 (f))- 0
Definition 3.2. Let K be an infinite field. Let R = KJz1,...,x,] and let > denote the reverse
lexicographic order. Let I = (f1,..., fn) be a complete intersection ideal, where f; is homogeneous

of degree d; and dy < --- < dy. For 1 < j <mn,let I :=(f1,...,f;). For 1 <j<m,letm;: R—
R/(xj41,...,2n) = K[z1,...,2;] denote the projection map. Let ¢, € GL, (K) be a general linear
transformation such that (¢,,!)*(zj11,...,2s) is regular on R/IT" and ins (¢;,17") = gin, (I7") for

all 1 <j5<n.

Lemma 3.3. Assume the setting of Definition . Foralll1 <j <n,m >0, we have gin, (I") =
(ins (7 (@7, 13")) )R-

Proof. Since I} is a complete intersection, I7* is Cohen-Macaulay for all m > 0, hence codim(]}”) =
depth(I7") = j. Consequently, by [14, Lemma 3.1], the generators of gin, (IJ") are contained in
Kx1,...,zj], so mj(gin, (1)) R = gin, (I]*). By Lemma we have
gin, (I") = m;(gin, (Ij")) R = m;(in> (97, 13")) R = (ins (7 (5, 17"))) R.
]

Lemma 3.4. Assume the setting of Definition [3.4  Then for all 1 < j < n,m > 0 we have
2" € gin, (1),

Proof. By Lemma [3.3] it suffices to prove the result when j = n. Let m denote the homogeneous
maximal ideal of R. By Lemma , we have m% C T. By the Briancon-Skoda theorem, we have

77N C ™ Tt follows that

m(m+n—1)dn cT
xT(Im—i-n—l)dn € m(m—i—n—l)dn _ (p:nm(m—i-n—l)dn Cins (SO:nIm) _ gin> (Im)
O

Proposition 3.5. Assume the setting of Definition[3.2 Let aq be the graded system of ideals given
by ap, = gin(I™). Then

(4) R, \ T(a.) = conv (6, (dl,O,...,O),(O,dQ,O,...,0),...,(0,...,0,dn)).
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Proof. By Lemma [3.4] we have
(5) conv (6, (d1,0,...,0), (O,dg,o,...,0),...,(0,...,0,dn)) C RZ,\ T(a,).

Ase(I) =di...dy, we also have vol(R%; \ I'(as)) = (di ... dy)/n! by [VOL=MULT]. It follows that
the containment in Equation is in fact equality. ]

Corollary 3.6. Assume the setup of Deﬁm’tion and let r < n. Let J = (f1,...,fr) and for
m > 0 set a,, = gin, (J™). Then we have

(6) conv (6, (dl,O,...,0),(O,dQ,O,...,0),...,(O,...,O,dr,o,...,0)) — RE,\ T(a).
Proof. Follows from and Lemma [3.3] and Proposition [3.5 O

3.2. F-Pure Thresholds and the Demailly-Pham Invariant. In this subsection, we require
an asymptotic version of Theorem [2.24]in arbitrary characteristic. Only minor refinements of Bivia-
Ausina’s arguments are needed.

Lemma 3.7. Let K be an infinite field, R = K[x1,...,xy,], and I an m-primary homogeneous ideal.
If > denotes the reverse lexicographic order, then for all 1 < j < n we have

(o1 It
lim 76](@11?( ) =e;([).
t—00 tJ
This result was shown by Bivia-Ausina [4, Theorem 4] in the related setting where R = O,, and
> denotes the negative lexicographic order.

Proof. Without loss of generality, we first extend K to an uncountably infinite field; this changes
neither the hypothesis nor the conclusion.

If J C R is an m-primary homogeneous ideal and h1, ..., h, is a sequence of linear forms, we say
that a hy,..., h, computes es(J) if for 1 < j < n, we have
J + (hla ce 7hn—])>
ei(J)=e .
= (T

For m > 0, we define:

e U, is the open subset of GL,,(K) such that ins (¢*I™) is constant for all ¢ € U,,, such that
U,, meets nontrivially the unipotent subgroup of upper triangular matrices with ones along
the diagonal, and such that U is fixed by the Borel subgroup of upper-triangular matrices.
e V,, is the open subset of GL,,(K) for which ¢*z,, ..., ¢*r1 computes eq(I™).
o W, is the open subset of GL,(K) for which ¢*z,,...,¢*r1 computes eq(¢*(I™)), where
Y € Uy, is arbitrary.
Nonemptiness of Uy, is |8, Theorem 15.18]. Nonemptiness of V,,,, W, follows from Proposition m
Since K is uncountable, we may choose ¢ € (,,~0(Um N Vin N Wy,). Set J = (¢~ 1)*I, and for
1<j<n,letmj:R— R/(xjt41,...,Tpn). We then have

e;(I) = e(mj(J)) = lim %e(m(:fm))

m—00 M,

— lim —e(ins (m;(I™))) = lim —e(m (ins (I"™))

m—00 M, m—r00 M

. . m
= tim Lo (in. (7).
The first and fifth equalities follow the the fact that x1,...,x, computes eq(J™) and eq(ins (J™))
for all m > 1. The second follows from the equality e(m;(J™) = e(m;(J)™) = mle(r;(J)). The
third is from [19, Corollary 1.13], and the fourth is from Lemma [3.1] O
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Definition 3.8. Let K be an infinite field, R = K[x1,...,z,],m = (x1,...,2,), and let a, be a
graded system of m-primary ideals. We define:

e;(am)

e The asymptotic Segre numbers: e;(a,) = lim inf,, = =

e The asymptotic Demailly-Pham invariant: DP(a,) = —+— +--- + en=1(0s)

e1(ae) en(ae)
e The asymptotic singularity threshold: c(ae) = liminf,, mc(ay,).

Before we prove our asymptotic version of Theorem we require the following standard facts.

Lemma 3.9. Let L be a field, S = L[ml,..lxn], and J C S an m-primary homogeneous ideal
generated by forms of degree < d. Then m® C J.

Proof. We first prove the result in the case that L is infinite. First, choose forms fi,..., f, from
among the generators of J such that (f1,..., f,) is m-primary. If hq,..., h, are general linear forms,
then

J' = (hEU gy pdedes(n) gy
is an m-primary (dn, ..+, dp)-complete intersection contained in J. As J' C m? and e(J) = d" =
e(m?), we have m? = md C J’ C J by Theorem -
Now, let L be an arbitrary field, and set S’ = L[z1,...,z,]. By Proposition m (vii) and the
infinite field case, we have J = JS'N S D m¢S' NS = m® O

Lemma 3.10. Let L be a field and S = L[z, ...,xy,]. Let J = (f1,..., fn) be a complete intersection
where deg f; = d; and dy < --- < dy,. Then we have the following:
(i) If L is infinite, then for a general hyperplane section H C Spec R, we have e(I|g) =
dy---dy_1.
(i) With no assumption on |L|, we have DP(I) = % +-F i.

Proof. For (i), we note that for a general hyperplane section H, we have that (fi,..., fn—1)|g is
m-primary. By Lemma we have (m|z)%—1 C (fr,osfu1)lu. As fn € (m|z)% -1, we have
(fiy---s fu—1)|l = J|m. Consequently, e(J|g) =e(J|g) =di---dn_1.

For (ii), we note that DP(J) is invariant under extension of the base field, so it suffices to consider
the case of an infinite field. But then the result follows from (i) and Proposition [2.21] (iii). O

Corollary 3.11. Let K be an infinite field, R = K|x1,...,2z,], and I an m-primary homoge-
neous ideal. Then DP(I) < ¢(I). Moreover, let > denote the reverse lexicographic order. Suppose
DP(I) =c(I). Letting a,, := gin (I"), we have

(1) RZ,\T(as) = conv (6,(e1(l),0,...,0),(0, ejg;,o,..m),...,<0,...,o, en(l) ))

Cn—1(I)

Q

Proof. By Lemma [3.7| we have DP(a,) = DP(I) and by Proposition [2.7| we have c(as) < ¢(I). Let
X denote the characteristic function of I' := I's (¢*I). Since T" is convex, —yx : R” — R is a convex
function. Let p = infy : (¢,...,t) € I'. Since —y is proper, there exists a subgradient v to —x at
i= (..., ). Let H™ denote the set {z € R" : (v, (x — [I)) < 0}. As

(v, (=) < —x(@) + x(7) =1 —x(2)
for all x € R,,, we have I' € H™~. Since I is closed under translation by elements of R%, and the
complement of I' in RY is bounded the same is true for H~. Consequently, the complement of
H~ in RZ is a simplex conv(0, (b1,0,...,0),...,(0,...,0,b,)).

Define a graded system of monomial ideals by by bm =x%: a € mH~. By Proposition [2.12
we have c(be) = c(a,). Since a,, C by, for all m, we have DP(a,) < DP(be) by Proposition [2.23
which implies DP(I) < ¢(1).
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Now suppose DP(I) = ¢(I). Then we also have DP(a,) = DP(b,s). By [4, Proposition 10|, we
further have that e;(I) = e;(as) = €;(bs) for all 1 < j < n. In particular, e,(as) = e,(bs), so by
[19, Theorem 2.12 and Lemma 2.13|, we have vol(RZ, \ I'(as)) = (RZ, \ I'(bs)). Since I'(a,),I'(bs)
are closed and convex with positive volume, it follows that T'(ae) = T'(ba).

Since the generic initial ideal is Borel-fixed, we have b; < --- < b,. Consequently, we can compute
e;(be) in terms of the numbers b;: we have

(:U%mblj, o ,:U,leb"J) C b, C (m{mbl], o ,:chb’J)

It follows that ej(bs) = b1 ---b;j. As e;(I) = e;(bs), the result follows. O

Remark 3.12. The condition Equation is necessary to have ¢(I) = DP(I), but not sufficient.
By |16]

3.3. Behavior of the Threshold Under Modifications. In this section, fix the following nota-
tion.

Definition 3.13. Let K be a characteristic zero field, R = K[xy,...,zy], and let m denote the
homogeneous maximal ideal. Let I C R be an m-primary homogeneous ideal. Write I = I1+---+1,,
where I; is generated by forms of degree d; and dy < --- < dj.

Let A C K be a finitely-generated Z-algebra and J C A[zy,...,x,] an ideal such that JR = I.
Such a subring A can always be constructed by adjoining to Z the field coefficients appearing in a
generating set for /. If u is a maximal ideal of A, we let I, denote the image of J in (A/p)[x1,. .., zy],
and we write I, = Iy, + -+ + I, .

Lemma 3.14 ([2|, Lemma 3.2). Let R = K|[z1,...,%,]| and let m denote the homogeneous mazimal
ideal. For any e,t € Z™, we have
(m[pe} . mt) = R e e_ 1—t t Z npe - + 1
mlPl 4 et -t t<np®—n-+1

More generally, we have the following.

Lemma 3.15. Let R = K|[z1,...,%y]|. Let v be a monomial valuation on R with v(z;) > 0 for all
1 <i<n. For f € R, we define v(f) to be the minimum of v over the monomials in the support of

f. For X\ € Rt let ay denote the ideal {f € R:v(f) > \}. Let g € ZT,\ € RY. Then we have
(8) (@, afh) s ax) = (@1, 20) + 8(g- 1o ma) -

Proof. The argument is the same as Lemma Let m ¢ (24,...,z]) be a monomial. Then
m | (z1- - 2,)97 L, s0 aym C (24, ..., 2%) if and only if v((z1 - 2,)?7 1) — v(m) < A\. We've shown
that the two sides of Equation contain the same monomials; both sides are monomial ideals, the
result follows. O

Lemma 3.16 (Restriction to a Hyperplane I). Let K be a field of characteristic p > 0, let R =

Klzi,...,2y], and I C R a homogeneous ideal. For a hyperplane H cut out by a linear form ¢, we
let I denote the image of I in R/L. In this case, we have
(9) Uity (5°) < max{r : I € mP) 4 m=D0F D41y

Conversely, if | K| > p®, then there exists a hyperplane H such that
(10) VI‘H(pe) Z max{rr : IT g m[pe] _|_ m(nil)(p571)7(n72)(p6_1)+1}

Corollary 3.17. Assume the setup of Definition[5.13 and let H C Spec R be a hyperplane. For all
w such that I, is m-primary, we have c(1,) —c({,|m,) > i, and consequently, c(I)—c(I|g) > 1/d,.
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Proof. Combining Lemma [3.14] and Lemma [3.16] we have

v, (p°) < max{s: mP 1° ¢ mlPl},

By Lemma , we have m% C I, so max{s : m?'I* ¢ mlP"l} < v;(p°) — L%J, so we have

Vi (p°) < wvr(p®) — L%J. Dividing by p® and taking the limit as e — oo gives the result. O
Lemma 3.18. Assume the setup of Definition[3.13 Suppose r = 2. Then we have
do —d do —d
c(l,) = S c(ly M)g for all p and hence c¢(I) = L e Ea——
do ’ do do da

In particular, for any p € maxSpecA,1 < s < n, we have ¢(I,) = o+ 57 if and only if
c(liu) = ﬁ'

Proof. By Lemma we have m® C I, so I, C I, +m® C T, so c(I,) = c(l1, + m®).
Consequently, we have

v#(p®) = max {a +b: I{"umi’fln g m[pe]} =max{a+b:J, & (mlPT: mbdny},

P P
By Lemma |3.14] this is equivalent to
np® —n—+1—ad;

11)  vp(p®) =max{a+b: ¢, € mPTpmrp*-ntl=bday —  pay g4
1) () { i J 0<a<vr, , (p°) da

The quantity being maximized in Equation (|11)) is an increasing function of a, so

np®—n-+1 do — dy
i(0) = " e, )
Dividing by p® and letting e — oo, we obtain
n d2 — d1
1,)=— I

om & + (1) i

For characteristic zero, we compute
de —d n do —d
c(I)—supc(I,J—sup(—i—c([lu) 2d 1) 7 e(I) 2d L
" 2 2 2

4. PROOF OF THEOREM [4.14]

In this section, we will prove Theorem [£.14] Our proof techniques work in arbitrary characteristic,
and we will begin in the case of a complete intersection.

4.1. The Case of an m-Primary Complete Intersection.

Definition 4.1. We assume a setup similar to Definition Let K be an algebraically-closed

field. Let a1,...,ar,d1,...,d, € Z*. For 1 <i <r,let x; denote the tuple of variables x; 1, ..., Z; 4,
and let R = K[x1,...,x,]. Let I C R be a complete intersection of the form (fi 1,..., frq,) such
that f;; is a di-form. For 1 < j < r, write I; = (fj1,.--, fja;). Let v denote the monomial

valuation with v(z;;) = 1/d;. Finally, we let © denote the ideal (x‘lil, . ,xgr), which coincides

with the set of elements of valuation v(—) > 1.
Definition 4.2. Assume the setup of Definition [£.1] We the following condition on the ideal I:
I, is extended from K[x;] and

(1) . I+ (x1) - ©+(x1)
For 2 <i <, 1) - 1) .
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Lemma 4.3. Assume the setup of Definition[{.1] and suppose c¢(I) = DP(I). Let{ € R be a general
linear form and let H denote the zero locus of €. Then ¢(H,I|pg) = DP(I|x).

Proof. By Lemma [3.10] Corollary [3.11] and Corollary [3.17, we have

a ar —1
: L= =DP(l|) S cllly) < T4+
1

" ar — 1
dy dy )

d,

0

Our first step in the proof of Theorem is to show that for any complete intersection with
DP(I) = c(I), there exists ¢ € GL, (K) such that ¢*(I) satisfies Equation (). Before we begin, we
take a moment to briefly clarify the unusual structure of our induction. Lemma [£.4] for an integer r
depends on Lemma [£.4] and Theorem [£.14] for  — 1, whereas Theorem [£.14] for an integer r depends
on Lemma [£.4] for » and Theorem [.14] for » — 1.

Lemma 4.4. Assume the setup of Definition [{.1 Suppose c(I) = DP(I). Then there exists
¢ € GL,(K), depending only on I, ..., I,_1, such that ©*I satisfies Equation .

Proof. Note that DP(I) = a1/dy + -+ + a,/d,. We induct on r, and we also assume that Theo-
rem holds for 7 < r. The base case r = 1 is trivial: T = m? by Theorem so we may take
=id.
Now suppose r > 1. Let L be an ideal of R generated by as+---+aq general linear forms. Since
I is a complete intersection, Iy + Is + L is F-primary, so by Lemma we have

h+h+L h+wmB+L I+1L
L - L - L’
so we have ¢(R/L, %) =c¢(R/L, %) Consequently, by repeated application of Corollary

we have

L+, + L as ay

12 I) > L, ——— — 4+ + .

(12) c()_c(R/, 7 >+d3+ +dr
Assuming ¢(I) = DP(I), we have

L+L+L ap a2

R 7] e R R

d1+d </7 L >_d1+d2’

where the left-hand side is by [DP-lowerbound| and the right-hand side is by Equation . Both
inequalities are therefore equalities, so by Lemma [3.18 we have

L+L al
c<R/L, 7 > =
By Theorem ||1| Theorem 3. 17L we have e (II+L) = a1, hence by Proposition we have
that e(/;) = a;. Consequently, there exists ¢ € GL,(K) depending only on I; such that ¢*I; is
extended from K[x;]. Now, let > denote the monomial partial order induced by the monomial
valuation w(z1,;) = 0 and w(z; ;) =1 for i > 2. For 2 <i <r,1 <j < ay, let g;; = iny (¢* fi ;).
Since ¢*I is a complete intersection, we have ¢* f; ; & \/o*I1 = (x1), hence g; ; ¢ (x1) and moreover
©* fij — gij € (x1). Observe that

(13) in, (" 1) 2 9" h + " in (Ip+--- 4+ 1) 29" 11 + (92,1, -+ Grar)-
Let I’ denote the right-hand side of Equation . Because g;; and ¢*f; ; have the same im-

age modulo (x) = 1/*I1, the ideal I’ is a complete intersection. In particular, I’ is a complete
intersection of type (di,...,d1,...,dp, ..., d;).
SN——— N——

ar

ail
By Lemma and Proposition we have
(14) DP(I) = DP(I') < o(I') < e(ins. (¢*1)) < (I) = DP(I).
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As p*I; = (x1)%, we have c¢(p*(I1)) = a1/dy. Since ¢*I; and (g2, - -, gra,) are defined in terms
of disjoint sets of variables, we have by [23], Theorem 2.4 (1) that
(15)

* a
(R, I') = c(K[x1], " 1) +c(K X2, ..., %], (921, - Grar)) = d%

It follows from Equations and that (g92.1,...,9ra,.), Which is a complete intersection
in K[xg,...,%,] also has DP = Ict. By induction, there exists ¢ € GL,_q, (K) depending only

+C(K[X2, ce ,XT], (9271, e 7g7"704'r))'

on (g2,1,---+9—1,a,_,) such that ¥*(g21,...,9r-1,0,_,) C (xﬁ%...,x%). Lastly, we define p :=
ld(;” 3) o, a transformation which depends only on Iy,...,I._1, and we claim that p*I satisfies

Equation (f)). By construction, p*I4+*(g1,1,. .., gra, )R satisfies Equation (f]). Since g; ; —¢*fi; €
(x1) for all 2 < i < r,1 <j <ay we have p*(Ia+--- + 1) C Y™ (91,1, .-, Gra, )R+ (x1), which
proves that p*I also satisfies Equation ([{]). O

The following two lemmas will combine with Lemma [£.4] to prove Theorem in the case of a
complete intersection.

Lemma 4.5. Assume the setting of Definition . Suppose I satisfies Equation and I € ®.
Then there exists an ideal J and an integer 2 < m < r — 1 such that:
(1) J = (x1)4 + (ha1y- -y hr—1a,y) + -+ Jp—1 +md where h; j is homogeneous of degree d;.
(2) For all 1 < j < ap, there exists hy, ; such that hy, ; € K[xm], hy, ; — hmj € (x1), and no
monomial summand of hy, j — h;n,j s contained in ®. Moreover, there exists some j such
that by, ; — h;n’j £ 0.
(3) For all2 <i<r—1,i#m,1<j<a;, we have h; ; € K[x;].
(4) (haj,...,he—1,4,_,) is a complete intersection mod (X1).
(5) e(J) < e(I)
Proof. Suppose [ satisfies Equation , but I € ®. We will construct a simpler ideal J such that
J LD, DP(I)=DP(J), and c(J) < ¢(I).
We define a set Ty which measures the failure of I to be contained in ®. First, for b =
(€11, .. era,) € R" we define m(b) = (z;;l CLgser s 0, ew.) — (m(b), ..., 7(b). We then
define the sets

a; r—1
(16) Sy’ = {W(b) : 2% € supp(f; ), 71 (D) # 0} , Sh= U Sg?, Sp = U S
j=1 i=2
Note that the condition 2° ¢ D is equivalent to the condition v(x®) < 1, so we define
(17) Ty7 = {(uy,...,u.) € S Zd—’ <1}, Th=Un’, =T
i=1 " j=1 i=2
Since I satisfies Equation , we also have uy > 0 for all (uy,...,u,) € Sp. Let
1—wy/dy — - —u./d
to = max w/dy ur/ -,
(u1,e..,ur)ESo Ul
Note that the quantity 17u1/d1;"7w/d’“ is positive precisely when (u1,...,u,) ¢ ®, so tp > 0 and
the elements of Sy achieving this maximum are all in 7. Define wg : Z" — Q by
1 u9 Uy
= (—=——t -2
wo(u1, ..., ur) ( d; 0> U1 dy d

For any z° € supp(fi ;) N K[x2,...,%,], we have wo(m(b)) = —v(2”). Since I satisfies Equation ,
for any 2 € supp(fi;) N K[x2,...,x,| we have wo(r(b)) < —1 .
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Moreover, for all 2 < i < r—1,1 < j < a;, we claim that there exists some z? € supp(fi;) N K [x;].

Since I satisfies Equation 7 by Proposition [2.23| we have Lol (1) - D41 [ follows that

(x1) (x1)
12(4;(31) = (x2)®. In particular, we have that fo; € K[x2] + (x1). As fa1,..., f2a, is a complete

intersection mod (x1), we conclude that supp( f2 ;) NK[x2] # 0. For 3 <i < r—1, we apply the same
argument to the image of f; ; mod (x1,...,x;-1). Consequently, for all 2 <i <r—1,1<j < ¢
we have

1) sesmptsinitiael ") Z oot WO =

For all 2 <i <7, (u1,...,u,) € S§ we have

(19) i <_;1 Cl-w/dy ;1 _Ur/d'r) uy — % e %: > wolu, . . ., uy).

We define a monomial partial order >q by

(20) 2® >0 2% = wo(7(b)) >0 wo(m(V)).

For 2 < i < r—1,1 < j < a;, we set gijo = ins,(fi;). We define Jo = (x1)4 +
(921,05 -+ Gr—1,a,_,.0) +mé. By Equations 1D and l) for 2 <i<r—1 we have

(21) supp(ins, (fij)) = {2 € supp(fi ;) : wo(b) = —1}.

We constructed .Jy to prune away all monomials ¥ € supp( fi.j) such that v(z%) > 1 while ensuring
c(Jo) < ¢(I) and Jy € . We now construct a sequence of ideals Ji,. .., Js for some s € ZT, each

ideal J;4+1 a modification of J;. Suppose we have defined

Jk - (Xl)dl + <92,1,k7 s 7gr,ar,k) + mdr'
For k > 0, define

a; r—1
(22) Tl = {m(b) : a’ € supp(gi jx) and 71 (b) # 0}, Ty = U T, So= U Thiq-
j=1 =2

As we proceed with our iterative construction, we ensure that the following properties are main-
tained:
(i) For all k, we assume that supp(f;;) N K[x;] C supp(gijr) C
supp(fi;). For k > 1, we further assume that supp(g; ;i) N
(*) K[X27 s >X7”] = Supp(fl,j) N K[Xl]
(ii) For all k, we assume that Ty # &.
(i) For all k, we assume that » 7, ¢+ <1 for all (u1,...,ur) € Tjt1.
We verify the conditions [ for k = 0:
(i) Follows from Equations (18], and ([21)).
(ii) We constructed wq so that Equation ((19) is sharp for some u € Tj.
(iii) For all (uy,...,u,) € So \ Ty we have
T
u;
) = —tug — ) <tuy — 1< —1.
wo(u1 ur) uy ; g Stn
We begin the construction of Ji. Set
(23) '
dug + - - + dlu, — d;de

t1:= max max , wy(ug, ..., up) = tiug — d2ug — - - - — dlu,.
2<i<r=1 (uy,...,ur ) €T} Uy
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Define > analogously to Equation and for 2 <i <r—1,1<j < ay, define g; j1 = in>, (gi,50)-
We verify that J; satisfies the conditions

(i) For 2 <i <r—1,u € T}, we have w(u) < —d;d.. Let 2° € supp(gi o) N K[X2,...,x,]. If
2 € K[x;], then wy(m(b)) = —d;dl. If 2° ¢ K[x;], then since v(x®) = 1, there exists some
i <l<r1<j<aq such that a;; | z%, hence

(24) wy (2) < w(r;) < —ditt < —d;d.

It follows that

(25) supp(gij.1) = {° € supp(gijo : wi(m(b)) = —did,)}.
(ii) Let 2 < i <r—1,u € Tf’j such that u realizes the maximum in Equation . Then
w1 (u) = —d,;dL, so the monomial summand z° € supp(g; ;o) such that 7(b) = 0 ties for the

leading term, hence Tzi’j # 0.
(iii) This follows from the fact that J; satisfies (i) and Jy satisfies (iii).
Suppose now k > 2 and we have defined Jo,...,Jy_1. Let Ay = {2 <i <r—1:Ti+# @}. By
assumption, |Ag| # @. If [Ax] = 1, then Ji_; will be our final ideal in the sequence Jy,..., Js.
Otherwise, we will construct an ideal Ji such that [Ags1| € |Ag|. Let Ay = min Ag. Let

U
(26) t = max ‘ ﬂ, wi (U1, ..., up) = —tpur + uy, .
iEAk\{Ak},(ul,...,ur)Ele Uy

We then let > analogously to Equation , we set g; jr = ins, (gijk—1) and define

Jr = ()" 4+ (2,185 Gr—1ay1 k) + W
We verify that Jj satisfies properties (i)-(iii):

(i) For i € Ag \ {\e}, (u1,...,ur) € T}, we have wg(ui, . .., u,) < 0. For 2° € supp(gi jx—1) N
K[x;], we have wy(7(b)) = 0. As supp(g; jr—1) N K[x;] # @, we have

supp(gijk) = {2’ € supp(gi jk—1) : wi(m(b)) = 0}

The result then follows from the fact that Ji_; satisfies (i).
(ii) As in the case k = 1, this follows from our choice of #.
(iii) This follows from condition (i) for Jj and condition (iii) for Jy.

We note one final comparison between Ji_1, Ji. For all (uy,...,u,) € Tk)‘k7 we have wi(uq, ..., u;) <

uy, < dy, = wr(Cy), so the equality is never achieved for any (u1,...,u,) € Tk)"“. It follows that
Ag+1 C Ap \ {Ar}, hence this sequence of ideals Jy, ..., Js eventually terminates. Let J = J; denote
the final ideal in this sequence, and write h; ; = ¢; ;. We now verify that J satisfies the five
properties in the lemma statement.

(1) Follows from the fact that supp(gi ;) C supp(fi;)-
(2) Here, m is the unique element of Ag. This follows from condition (i) on Js. .

(3) Follows from the facts that supp(g; j,s) N K[x2, ..., 2] = supp(fi;) N K[x;] and T}, | = @.
(4) Follows from the fact that supp(g; ;s) N K[x2,..., 2] = supp(fi;) N K[x].

(5) As J Cins, (Ji—1) for £ > 1, we have by Proposition

c(I) = c(I) > c(insy (1)) > e(Jo) > c(ins (Jo)) > c(J1) > -+ > e(J5) = c(J).
]

Lemma 4.6. Assume the setting of Definition [§.1 Let J C R be an ideal satisfying (1)-(4) of
Lemmal[4.8. Then c(J) > DP(J).
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Proof. Set Jm = (hm1,- -, b, )- Let J = (x1)4 + -+ T + (Xin—1) 31+ + (X1 )t -+
(x,)%. By (2) and (4), we have J = J/, so it suffices to show ¢(J') > DP(J'). We first prove this
result in characteristic p > 0.

By assumption, J,, € ®. Let o denote the maximum value of v(x®) over all 2° € supp(1)\ (X, )%™,
which satisfies o < 1 by condition (2). By Theorem |]1|, Theorem 3.17 we have ¢(Jp,) > g=. Let f

be a generator of (J,,)"/m ") such that f ¢ mP‘l. Write

f= Z Oéb@’ba fli: Z abxb.

besupp(f) besupp(f):zb|(x1-+x, )P 1

As f = f mod mlP’l, we have f'J,, € mlPl. Let > denote the negative lexicographic order after
permuting the variables into the order X,,,X1,...,Xm—1, Tm+1,---,Xr. By Briangn-Skoda on the

ideal m, we have (x,,)%% C in, (Jp,). Let ing (f/) = apa®. Since f'.J,,, € mPl taking initial
(x1)

terms we also have iny (f/)(x,,)*% C ml*’]. By Lemma we have

(27) ordy,, (2°) > am(p® — 1) — amdm
Consequently, we have
€—1)—and € —1)—and
(28) o(f) = v(zb) < A (p ) = dmdm +o (v, () — G (P ) = Amdm :
dm dm
As in Lemma [3.15] let ay denote the ideal {f € R : v(f) > A}. Let t. denote the right-hand side of
Equation and set ue 1= (p® — 1)(g+ + - + ). It follows from Lemma that
fl ¢ m[pe} + ate+1 = (m[pe] : aue_te_l)‘
Let 2% € 0y, —t,—1 such that i ¢ mlPl. Let 2% denote the largest factor of 2% such that
¥ ¢ (x,). By Equation 1) we must have ord(xm)(arb/_b”) < amdpm, hence v(z?") > v(z?" ) —apy, >
e —te] =1 —am. As D = (x1)% + -+ + (x,)%, by Briangon-Skoda we have

:L‘b" c @[ueftlelfamfn C ((Xl)dl N (Xr)dr)Lue*tejflfamfn'

Since ¥ ¢ (x,,,), we in fact have
xb” c ((Xl)dl + e+ (X’I’)’L—l)d7n71 + (Xm+1)dm+1 (Xr)dr)tuc*tlelfam*n g (J/) Lue*tejflfam*n'

It follows that vy (p®) > vy, (p°) + |te — te] — 1 4 apm — n. Dividing by p® and letting e — oo, we
obtain

1 . Ue . te
c(J) > c(Jy)+ lim — — lim —

e—oo0 pe e—o0 p°

= c(Jm) + (Zi+---+§:> - (Z:(l—U)JrUC(Jm))
—(1-0) (c(Jm)—Z::>+(Zi+---+Z:>

Since o <1 and ¢(J;) > g2, it follows that the above quantity exceeds DP(J ".

In characteristic zero, one notes that for any ideal J satisfying conditions (1)-(4), the reduction
of the pair (R, J) to characteristic p > 0 satisfies conditions (1)-(4). Moreover, the quantity o is
constant for p > 0. Assuming the reduction notation of Definition [3.13] we have

cJ)= lim ¢c(Jy)>0Q—-0) lim c(Jnu)+DP(J)=(1-0)c(Jn)+ DP(J) > DP(J).

uESpec A uESpec A
|A/u|—o0 |A/p|—o0
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O

Lemmas [£.4] to combine to give us a proof of Theorem in the case of a complete inter-
section.

Proposition 4.7. Assume the setup of Definition[.1] and suppose c(I) = DP(I). Then there exists
¢ € GL,(K) depending only on I,...,I,_1 such that p*I = D.

Proof. Using Lemma we produce ¢ € GL,(K) such that ¢*I satisfies Equation . By Lem-

mas and we have ¢*I = D. O

4.2. Generalizations.

Lemma 4.8. Let R = K|[z1,...,xy] and let m = (x1,...,2y,). Let I C R be a homogeneous ideal
and J Cm any ideal. Then we have

Proof. By |21} Corollary 6.8.5], we have
IRy C () TR+ J"Ren € (| TR + M7 Ry = I Ry

m>0 m>0
As I = IRy = IRn N R, we have the following, from which the claim follows.
IC () (IRn+J"RuNR) CTRyNR=1.

m>0

O

The fact that ¢ depends only on Iy,...,I._; allows us to prove a version of Theorem for
complete intersections of smaller codimension.

Proposition 4.9. Let K be an algebraically-closed field and set R = Klx1,...,x,]. Set m =
(x1,...,2y). Suppose r < n and I = (f1,..., fr) is a complete interesection, where f; is homoge-
neous of degree d; and dy < --- < d,. Then c¢(I) > % 4+ 4 i with equality if and only if there
exists ¢ € GLy,(K) such that

O T = (af, ..., zd).
Proof. Let L = ({y41,...,¢,) be an ideal generated by n — r linear forms. Then % is a complete
intersection of type (di, ..., d;) which is primary to 7, so we have
R I+L I+ L 1 1
RI)>c|l=—=|>DP|— | = —+4--- 4+ —.
(B, )_C<L’ L )- ( L ) a TG,
Suppose now that ¢(I) = d% 4+ o+ i. Let £,41,...,¢, be general linear forms such that
(fi,- s frslrg1, ..., 4) is a complete intersection.
For each e > d,, let J. := (f.4,...,¢;). Then I + J. is a complete intersection of
(di,...,dr,e,...,e). It follows that
1 1 n—r 1 1 n—r
— 4t — =DPI+J)<cI+J.)<c( J)=—+ "+ — :
d1+ +dr+ . (I+Je) S e(I +Je) < c(I) +c(Je) d1+ +dr+ .
By Proposition there exists ¢ € GL,(K) such that for all e > d,, we have o*(I + J.) =
(:L‘Clll, . ,xﬁ”",:v&h ...,2¢). By Lemma 4.8, we conclude
oI = m oI+ J.= ﬂ = (z, . ad).
e>dy e>dr
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Lemma 4.10. Let K be an uncountably infinite field. Let R = K[z1,...,2,] and set m =
(x1,...,2,). Suppose I C R is a homogeneous ideal. As in Lemma for 1 < 5 < n, let
it R = R/(zjq1,...,2n) = Klz1,...,2;] denote the projection map and v; : Klx1,...,z;] —
Klxy,...,z,] the usual embedding. Let > denote the reverse lexicographic order.

Let ¢ € GL,(K) be very general: for now, we impose the condition that for all m > 0, we have
ins (¢*I™) = gin, (I"™); we will impose countably many additional conditions in Lemma . For
1 <j<nm>0, set aj,, = ins(m;(e*I™)). Forj > 0,1 < i < j, let b;; denote the ith unit
vector of R7. Set pj(i) := inf{t : tb;; € I'(aje)}. Then for all j, we have p;(j) = pn(4)-

Proof. By Lemma we have tj(aje) € a,, for all 1 < j < n, so we have p;(j) < pn(j).

For the reverse direction, set t = p,(j). Since thj, € =0 5L (an2m), there exists a se-
quence {am = (@m1,---,0mn)}tm>0 such that a,, € T'(apom) for all m and limp, o0 27" apy, =
tbjn. For any choice of {(am1,...,amn)}tm>0, we also have ([am1],...,[amn]|) € T(ay2m)
and limy, o0 W = tbj,. We may therefore assume without loss of generality that
am € (ZT)™ for all m > 0,1 < i < n, hence for all m > 0, we have %™ € @, om.

By |12, Theorem 2.1], @, 2m is Borel-fixed, so we have z]™" - -- :E?Tf_l ;”L"7+"'+am’" € Gy 0m. By
Proposition [2.27(iii) and (vii), we have

m m,j— m i+t m,n -
(29) g™t T e (1 o my ) (@) C 4y <7Tj(an,2m)) = Wjm-
It follows that ( )
. Am,1y -5 Aj—1,05 + -+ Qp
=] T(a;.
tb,j o m € I'(aj.),

which proves p,(7) < t = pn(j). O

Lemma 4.11. Assume the setup of Lemma|4.10. There exists a sequence {al,}ms>o such that for

all m > 0, we have z% € ajom and limy, o0 27 "al, = p;j(7)b; ;.
Proof. Consequently, there exists a sequence {am = (am1;---,0m,j)}m>0 such that for all m > 0
we have limy, 00 27"y, = tb;; and a,, € I'(agm).

First, note that I'(agm) = conv(log(z") : z* € aam). If we triangulate I'(agm), we may choose
{tmi = (Wmyi1,--sUm,j) Yl such that z%mi € agm and an, € conv(um,...,Unj+1). Reorder
the up,; so that um 05 < -+ < U j ;. Since a,y, ; is the average of the u,, ; j, we have Uy, 0,5 < am ;-
For i < j, we similarly have w0 < (5 + 1)ag;.

For all m > 0, set a;, = t, 0. Then we have limg,, o a;nvi =0 for all ¢ < 7, and

t < liminf 27ma'mj < lim 27"a,,; =t.
m—00 > m—00 ?

It follows that lim,, o 27 ™a;, = tb;; and for all m > 0, z%m € agm. O

Lemma 4.12. Let K be an algebraically-closed field and R = K[z1, ..., x;]. Letq be a homogeneous
prime ideal of codimension j — 1 with x; ¢ q. If > denotes the reverse lexicographic order, then for
all m > 0 we have ins (q™) = (x1,...,z;-1)™.

Proof. Since K is algebraically-closed, there exist linear forms ¢1,...,¢;_1 € R; such that ¢
(b1,...,¢;_1). Tt follows that [ins(q)]: is generated by ins (€1 A...¢;_1), which is equal to 1 A---
xj_1 by the fact that ; ¢ span(¢q,...,¢;—1). Consequently, we have (z1,...,2;) Cins(q). By [8,
Theorem 15.17|, ins (q) and q have the same Hilbert series, so we in fact have (z1,...,z;) = ins(q
For m > 1, a similar analysis applies. We have the standard containment (z1,...,z;_1)™
in>(q)™ Cins(q™). As (x1,...,2j-1)™ has the same Hilbert series as q, the result follows.

ol > ||

~—

Ol

Lemma 4.13. Assume the setup of Lemmas and . Further assume that K = K. Write
I =1+ -+ I., where each I; is generated by d;-forms and di < --- < d,.. For1 < j <r, set
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h; := codim(I; + --- 4+ I;) — codim(Iy + - -+ + I;—1). For 1 <i < n, we also define q; := j, where
1 <j<rsuchthat hy+---+hj1 <i<hyi+---+hj. Then for all1 < j < n, we have p,(j) = dg, .

Proof. Before we begin the proof, we first state the additional generality conditions on ¢. For all
m > 0, assume that ins (7;(@*I™)) = gin, (7;(¢*I"™)) = 7 (ins (¢*I™)); this is possible by repeated
application of [3, Theorem 1.13.]. Since codimm;(¢*(f1 + -+ + Ig;—1)) < j, we may also choose ¢

such that z; ¢ \/Trj(cp*(ll + -+ Ig;—1)). Finally, since codim 7 (I +---+1I,;) > j, we may choose

¢ such that m;(0*(f1 + - -+ I;)). Each of these conditions is satisfied by a general choice of ¢, so
they may be realized simultaneously.
Set J = 7;(¢*I). By construction of ¢, in the language of Lemma we have a;,, = ins (J™).

By construction of ¢, we have z; ¢ |/m;(0*([1 + -+ I4;~1)), so we may choose a minimal prime

p over ;(p*(I1 4+ -+ Iy, —1)) such that x; ¢ p. As codimp < j— 1, we may choose a homogeneous
prime ideal q¢ D p such that codimq = j — 1 and z; ¢ q. By Lemma we have ins (™) =
(x1,...,xj-1)™ for all m > 0.

By Lemma m, choose a sequence {am}m>0 such that z%" € agm for all m > 0 and
limy, 00 27" am = p;j(5)bj ;. Let €m := am1 + -+ + am, ;. For all m > 0, we have

om -
P e =1 D, mleT™ R}
’71+"'+'Y7‘:2m
yidit-t+yr<em em
For 1 <i<gq;—1, we have I; C q. For ¢; <i <r, we have I; C (x1,...,2;) = m. It follows that

[T e, © Z q“m” -

qzm{sszJ] |
€m

a+p=2™
5dqj <em em
~1a)
Taking initial ideals of both sides, we have z%" € (z1,...,z;) 4 | Consequently, we have

em —Qmj = Qm1+ -+ Qmj—1 > 2" — LSTMJ - As limyy o0 27" (@m1 + - -+ am,j—1) = 0, this yields
J

0 < liminf2~"™ <2m— f’”J) 1 g ®md g Pi)

m—00 dq]. q; M dgj dqj

From the above equation, we have pj (j) > dg;. For the reverse containment, we have by Lemma
that m? C J. It follows that x;nﬂfl € J™ for all m > 0, hence p;(j) < d,. O

We are now able to prove Theorem

Theorem 4.14. Let K be an algebraically-closed field. Let R = Klx1,...,xy,] and let I C R be a m-
primary homogeneous ideal. If DP(I) = c¢(I), then there exist integers dy, . ..,d, and ¢ € GL,(K)
such that

0T = (x‘lil, e ,xﬁl{”).y

Proof. By Corollary we have
- - I I
R\ I (ae) = conv (0,(61(1),0,...,0),(0, el ),0,...,0),...,(0,...,0, en(l) >)
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Assume the h;, ¢; notation from Lemma If we let L := K((t)), then L is uncountably infi-
nite and algebraically closed. The generic initial ideal is stable under field extension, so applying

Lemma 4.13|to I ® L, we have e]ei(ll()l) =dy; forall 1 <j <n.

Let J C I be an ideal generated by h; general elements of I; for each 1 < ¢ < r. Then J is
a homogeneous (dg,, ..., dy, )-complete intersection, so by Lemma we have DP(J) = DP(I).
It follows from Proposition that J = I, so we have ¢(J) = ¢(I) = DP(I) = DP(J). By
Proposition there exists ¢ € GL,,(K) such that

T = ¢*J = (xcllql,...,xflf”).

O
5. FUTURE WORK
We can restate Theorem [4.14] as follows.
Proposition 5.1. Let R = K[xy,...,zp],m = (x1,...,2y), and let I be an m-primary ideal. Then
T = (z%,... %) in suitable coordinates if and only if DP(I) = lct(I) and T is a homogeneous

ideal.
We conjecture that the second condition is unnecessary.

Conjecture 5.2. Assume the setup of Proposition . If DP(I) = lct(I), then I is a homogeneous
ideal.
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